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Abstract

We revisit whether global output is (Pareto) efficiently distributed across countries over
time. The efficient allocation of goods across regions requires that the relative marginal util-
ities of consumption across countries comoves with the relative costs of the country-specific
consumption bundles. Standard approaches to evaluating this property exploit the Welfare
Theorems and equate the observed real exchange rate with the social relative costs of con-
sumption. Given the large literature documenting the disconnect between exchange rates,
relative prices faced by consumers in a given market, and relative quantities consumed, we
develop a methodology that measures relative costs that is robust to this disconnect. We find
that relative consumption growth across regions is significantly more correlated with our
computed shadow prices than it is with observed real exchange rates, suggesting an alloca-
tion closer to efficient risk sharing. Moreover, we provide a decentralization that matches
observed prices and quantities, enabling us to rationalize the better implied risk sharing with
the failure of the standard correlations. The decentralization involves a combination of seg-
mented foreign exchange markets and pricing-to-market behavior in goods markets. The
model implies that consumption allocations are insulated from excess fluctuations in the ex-

change rate via the equilibrium pricing behavior of exporters.
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1 Introduction

In this paper, we revisit whether global output is (Pareto) efficiently distributed across coun-
tries over time. That is, has the recent wave of globalization that witnessed large movements of
goods and assets across borders realize the inter-temporal and static gains from trade. In a world
in which countries consume heterogenous baskets of goods, the core question becomes whether
the relative shadow costs of delivering a unit of country A’s consumption composite versus coun-
try B’s varies systematically with the relative marginal utilities.! The canonical study by Backus
and Smith (1993) started a literature that reaches a pessimistic conclusion. Importantly, that paper
leverages the Welfare Theorems to equate the unobserved relative shadow price of consumption
baskets with the observed real exchange rate. A vast literature, summarized below, concludes that
pricing frictions are pervasive both in exchange rate markets and in markets for goods. With this
in mind, we revisit this question by developing a methodology that does not rely on the Welfare
Theorems and is robust to both types of frictions.

Our launching point is a simple planning problem involving two countries, Home and Foreign,
with distinct preferences over two traded inputs. The environment builds on Armington (1969), in
which each country produces distinct goods. Our exercise takes world output as given, and hence
we focus on consumption efficiency given available output rather than production efficiency.
We first ask what is the most efficient manner of delivering consumption to Home given global
output and subject to delivering a certain level of consumption to Foreign. The shadow cost
(i.e., the Lagrange multiplier) of this last constraint is the planner’s price of Foreign consumption
in terms of Home consumption. This is our conceptual notion of the social marginal rate of
transformation (MRT). For given output, as we vary the promised consumption to Foreign, we
trace out the Consumption Possibility Frontier (CPF) between Home and Foreign. At any point
on this frontier, the slope of the CPF corresponds to the planner’s MRT.

We show how to map observed sequences of real output and consumption to the MRT of con-
sumption between two regions, which is the planner’s “real exchange rate” The relative shadow
cost of providing consumption to a particular country depends on whether that country’s com-
posite is biased toward the goods that are in abundant or scarce supply. Crucially, this implied
real exchange rate is constructed using only quantities, and does not rely on observed exchange
rates or prices.

With the planner’s MRT in hand, we can re-evaluate whether the sequence of relative marginal
utilities across regions is correlated with the relative cost of the two consumption commodities.

That is, whether the planner’s optimality condition equating the relative movement in consump-

'With identical preferences, the relative cost is one, and marginal utilities should move in lock step. This motivates
the early real business cycle literature’s focus on consumption correlations (see e.g. Backus et al., 1992; Baxter and
Crucini, 1995).



tion to the change in the MRT is satisfied. To the extent it is violated, there is scope for an
inter-temporal trade between regions that generates a Pareto improvement. We refer to viola-
tions of the planner’s dynamic optimality as the “dynamic” wedge. Time variation in the dynamic
wedge is equivalent to observing a time-varying Pareto weight implied by the observed path of
relative consumption and the MRT.

We introduce a decentralized equilibrium to map the wedge into distortions in asset and goods
markets. For private agents solving their household maximization problem, the relevant price of
consumption is the retail price and the relevant exchange rate is the market exchange rate. Hence,
the private risk-sharing wedge is that measured by Backus and Smith (1993) using observed real
exchange rates, henceforth referred to as the “Backus-Smith” (BS) wedge. The BS wedge is the
focus of a large literature on exchange rate puzzles. In the decentralization, the BS wedge corre-
sponds to differences in the (common currency) stochastic discount factors between Home and
Foreign agents. Frictions like incomplete markets, capital controls and taxation of capital flows,
or barriers to asset trades (segmented or intermediated markets) give rise to a BS wedge. How-
ever, the planner can “see through” the prices faced by consumers to the true social costs. In
particular, the difference between the planner’s dynamic wedge and the BS wedge equals the dif-
ference between the observed real exchange rate and the MRT. The empirical question becomes
whether this latter gap behaves in such a way as to “undo” the risk-sharing frictions implied by
the Backus-Smith wedge.

Another important friction in our decentralization is the extent to which the same good sells
for different prices in the two regions. If this “law of one price” (LOP) deviation exceeds physical
trade costs, then the planner disagrees with consumers regarding the marginal cost of moving the
good across borders. If the LOP deviations are common across goods, we show that the planner’s
dynamic wedge is the product of the LOP deviation and the BS wedge. This relationship yields
a number of insights. First, if there are no LOP deviations, then the planner’s dynamic wedge
equals the BS wedge. Alternatively, if the LOP deviation and the BS wedge are perfectly negatively
correlated with each other, then there is no planning dynamic wedge even in the presence of large
BS wedges. In this case, the distortions in the foreign currency market are completely undone by
LOP deviations in the goods market. Finally, if there is no BS wedge, then the planner’s dynamic
wedge is equal to the LOP deviation. This shows that perfect risk sharing can be consistent with
either the presence or absence of a BS wedge, depending on the nature of LOP deviations.

The fact that the price of the same good differs across two markets is familiar from the “alpha-
bet soup” of pricing-to-market frictions considered in the literature: pricing to market (PTM), pro-
ducer currency pricing (PCP), local currency pricing (LCP), and dominant currency pricing (DCP).
These pricing protocols have different implications for the comovement of LOP deviations and

the observed real exchange rate, and hence the distortions to the planner’s dynamic optimality.



In particular, PCP implies zero LOP deviations and hence equality between the BS and planner’s
dynamic wedges. In this case, the methodology of Backus and Smith (1993) accurately measures
Pareto efficient risk sharing. On the other hand, LCP implies that LOP deviations are perfectly
correlated with nominal exchange rate movements. If nominal exchange rates are “disconnected”
from fundamentals (i.e., output), then the BS wedge will be completely undone by the LOP devi-
ations, at least in the short run, insulating efficient risk sharing from the disconnect.

Another implication of the planning problem is that the static gains from trade are fully re-
alized: that is, the marginal utility of any good is equalized across regions (up to trade costs).
We define the “static” wedge as differences in the marginal rates of substitution (MRS) for differ-
ent goods across regions. Absent variation in trade costs, the relative shadow price of the goods
move in tandem across regions, and hence a static optimality condition equates the MRS between
domestic and foreign goods in each region. The planner’s static wedge is then defined by the gap
between the two regions’ MRS, which can be inferred from the observed allocations. The pres-
ence of the static wedge implies that the gains from trade are not fully exploited within a period.
In the decentralization, the static wedge reflects the extent that consumers in Home face different
relative prices than those in Foreign. This gap is equal to the ratio of the two LOP deviations: that
is, the deviation in the price of the Home good across the two markets divided by the deviation
in the price of the Foreign good. Hence, our static wedge corresponds to a double log difference,
or a relative relative price.

Interestingly, the welfare consequences of the two distortions — static and dynamic — are or-
thogonal in the following sense: a second-order approximation to the welfare loss around the effi-
cient allocation is additively separable in the (squared) dynamic and static wedges. Furthermore,
we show that at any level of the static distortion, it is always welfare improving to completely
eliminate fully or partially the dynamic wedge. This is a surprising result from the perspective of
the theory of the second best, emphasizing the orthogonality property of our decomposition of
distortions into the dynamic and static wedges.

Our methodology allows us to measure the wedges between the planner’s allocation and the
observed equilibrium using standard data from the World Development Indicators (WDI). We do
so for a 20-year period from 2000 to 2019.? For each country, we construct a two-region environ-
ment by aggregating the rest of the world using relative PPP-adjusted GDP. The parameteriza-
tion of preferences rests on several key assumptions. First, we assume commonly used functional
forms: specifically, the aggregator combining domestically produced goods and foreign goods has

a constant elasticity of substitution and flow utility over the composite has a constant elasticity

2We truncate at 2000 in order to include a wide set of countries, particularly China; it also reflects our assumption
that trade costs and preference for imports are stable within the sample. The truncation at 2019 is to omit the global
pandemic.



of inter-temporal substitution. We assume these two elasticities are common across the two re-
gions and set them to standard values. A key preference parameter is the extent of home bias in
consumption, which we calibrate in a base year (which we take to be 2019). With the calibrated
preference parameters in hand, the measurement exercise for the remaining years uses only the
series for real output and consumption. The dynamic wedges are measured as changes relative
to 2019, allowing us to difference out the unobserved Pareto weights on each country.

We organize our results by frequency, contrasting longer trends with annual first-differences.
At annual frequencies, the average MRT has a standard deviation that is one third that of the
observed real exchange rate. In particular, the MRT has a volatility similar in size to that of
relative consumption and output growth, while the observed real exchange rate suffers from well
documented “excess” volatility. Remarkably, the average correlation of relative consumption at
annual frequencies with the MRT measure is 0.56 versus —0.14 for the real exchange rate (see
Figure 4 in Section 5). Furthermore, the standard deviation of the planner’s dynamic wedge is
almost half that of the Backus-Smith measure (0.06 vs 0.10).

At longer horizons, however, there are large deviations from risk-sharing (or inter-temporal)
efficiency. The mean absolute value of the log change in the dynamic wedge over the full sample
is 50 log points. This reflects that the magnitude of average growth in relative consumption over
the twenty year sample is 26 log points while the change in the MRT is only 7 log points. The
large gap in consumption growth across regions reflects that we have in our sample economies
like China, that outpaced the rest of the world, and Japan, that lagged behind. On the other
side, the stability of the MRT over twenty years reflects that our implied shadow cost of relative
consumption is quite stable even in the presence of large movements in differential output growth.
More broadly (and intuitively), the results suggest that insurance is better than that implied by
high frequency movements in the real exchange rate, but longer run trend growth differences
are not well insured across countries, leading to the low-frequency comovement of domestic
consumption with domestic output.

To assess the implications for welfare, we compute several counter-factuals. Specifically, we
compute the home country’s welfare gain (while holding constant welfare in the rest of the world)
from eliminating the country’s dynamic wedge, i.e., the inter-temporal misallocation between this
country and the rest of the world. The median gain in consumption equivalents is 1.1 percent. An
equivalent exercise that eliminates the Backus-Smith wedge for individual risk sharing implies
a welfare gain of 1.4 percent. The small size of this difference reflects in part that long-run risk
is not well shared empirically. To isolate the contribution to welfare from better risk sharing at
higher frequencies, we also compute the welfare gain from eliminating each wedge’s deviation
from a log-linear trend. Here, the median gain from eliminating the planning wedge is only 0.3

percent, versus 0.7 percent for the BS wedge.



Finally, we can map the observed allocation into implied prices using our parameterized pref-
erences and the equilibrium conditions from the decentralization. The results indicate that im-
plied relative prices within each region are relatively stable, while LOP deviations track the ob-
served real exchange rate closely. The implication is that consumers in each region are insulated
from exchange rate volatility by offsetting movements in cross-border LOP deviations. This is
consistent with the empirical facts documented by Engel (1999) and the literature on LOP de-
viations that followed, and echoes the risk-sharing properties we derive for the local currency
pricing (LCP) protocol when exchange rates are driven by financial-market shocks. In brief, much
of the exchange rate’s excess volatility at high frequency is absorbed by LOP movements (and im-
plicitly the markups of importers and exporters) and not passed onto consumers, while longer
run differences in trend growth are not well insured and are not strongly reflected in movements

in either the observed real exchange rate or the planner’s MRT.

Related Literature Our paper speaks to work on international (mis)allocation and exchange-
rate-based tests of risk sharing. On the consumption side, a large literature beginning with Backus
and Smith (1993) documents weak comovement between relative consumption and the real ex-
change rate.> Closest to us, Fitzgerald (2012) estimates model-implied price indices and bilateral
real exchange rates from a gravity framework, finding more favorable risk sharing than sug-
gested by observed real exchange rates. We similarly replace observed prices with model-implied
shadow costs, but we rely on real macroeconomic quantities rather than bilateral trade values, and
we provide a decentralization that rationalizes why observed prices need not track social costs.

Our decentralization connects to asset-pricing and portfolio approaches to international risk
sharing (e.g., Baxter and Jermann, 1997; Cole and Obstfeld, 1991; Heathcote and Perri, 2013;
Coeurdacier and Rey, 2013; Farhi and Werning, 2017; Lewis and Liu, 2022). The primary dis-
tinction between our work and these previous studies is that we construct the planner’s real
exchange rate (MRT) to assess the quality of risk sharing. Our analysis of wedges between a
planner’s allocation and the empirical allocation relates to a large literature on “wedge account-
ing” (e.g., Chari et al., 2007; Hsieh and Klenow, 2009; Capelle and Pellegrino, 2023; Kleinman et
al., 2023).

On the exchange-rate side, we relate to work on segmented financial markets and exchange-
rate determination (e.g., Alvarez et al., 2002; Jeanne and Rose, 2002; Kollmann, 2005; Gabaix and
Maggiori, 2015; Itskhoki and Mukhin, 2021, 2025a) and to the extensive literature on goods-market
frictions, pricing-to-market, and incomplete pass-through (e.g., Rogoff, 1996; Engel, 1999; Dev-
ereux and Engel, 2003; Atkeson and Burstein, 2008; Amiti et al., 2019; Burstein and Gopinath,

3See also Kollmann (1995); Backus et al. (1992); Lewis (1996); Aguiar and Gopinath (2007); Corsetti et al. (2008);
Bai and Zhang (2010, 2012); Heathcote and Perri (2013); Ohanian et al. (2018); Corsetti et al. (2023) and the survey in
Heathcote and Perri (2014).



2012; Itskhoki, 2021; Gopinath and Itskhoki, 2021). We show that frictions in asset and goods
markets can offset each other in equilibrium, so that observed real exchange rates provide a poor

proxy for the social MRT relevant for assessing international risk sharing.

2 Environment and Planning Problem

2.1 Environment

The world consists of two regions, Home and Foreign (or rest of the world, ROW), each of which
produces a specialized good. We abstract from production and take output in each country as
an exogenous stochastic process. In particular, let the state of nature at time t be denoted s; € S,
where S is a discrete set, and let histories be denoted s’ = {sg, s1,...,5:} € S*!. Let m;(s") denote
the probability of history s’ and E be the associated expectation operator. We denote output
in Home (of the Home good) at time ¢ as Y;(s’), and Foreign output as Y;*(s"). In what follows,
we suppress the history notation and time subscripts whenever convenient. In this section, we
present the environment as if the two goods are freely traded, but allow for constant iceberg
transportation costs in our empirical implementation.

Let Cy and Cr denote Home’s consumption of the Home and Foreign good, respectively, while

C;; and C;, denote Foreign’s consumption of the same goods. Preferences at Home are given by
00 ; 1-0
E U(Cy), her U(C) = ,
SHUEC),  where U=

with constant relative risk aversion o > 0. C is a constant-elasticity consumption aggregator:

! 0-1\6-1
C =C(Cy,Cp) = ((1 —y)C, +yiCy’ ) ) (1)

The parameter y € (0, 1) captures the extent of home bias in consumption, with y — 0 represent-
ing complete home bias and y = 1/2 denoting equal weights.

Foreign consumer have the same ff and o as Home, but enjoy utility over a different composite:

6-1
*“g

| a0s1) O
C*=C*(Cyp, Cp) = (}’*%CH +(1-y)ec,’ ) : (2)

Note that y* captures the weight on Foreign’s imported good, and thus y* = 0 represents complete
home bias for Foreign. Throughout the analysis, we assume that the environment features home

bias in preferences, which is defined as follows:



Assumption 1 (Home Bias). Preferences satisfy: y +y* < 1.

The aggregate resource constraints for each good require

CHt + C;]t = Yts

_ (3)
CFI + CFZ’ = Yt .

This determines the set of feasible allocation of individual goods, while (1) and (2) quantify the

associated aggregate consumption levels in the two regions of the world.

2.2 Efficient and Distorted Allocations

Given preferences and output, we can characterize Pareto efficient allocations as sequences that

maximize a weighted sum of welfare:

E > B [wU(C(Cht, Cry) + U(C*(Chyy. Cy) | (4)
=0
subject to the sequence of resource constraints (3). The entire Pareto frontier can be traced by
varying the weight w > 0.
We can further split the planning problem into two sub-problems. The first concerns choosing
an optimal static allocation within a period, including Home consumption C, given a level of

Foreign consumption C*. The second stage chooses the optimal dynamic sequence of C; and C}.

Static Efficiency Consider the following planning problem:

C(C%Y,Y)= max C(Cy, Cr) (5)
{Cu.Cr.ClyCi}

subject to (3) and C*(Cy;, Cr) = C.

That is, the problem solves for the maximum consumption enjoyed by Home conditional on ag-
gregate resources and the requirement that the planner provide a minimum consumption C*
delivered to Foreign. As we vary C*, we trace out the Consumption Possibility Frontier (CPF).
This is the production possibility frontier for the technologies that take the two traded inputs and
produce the two final consumption composites that enter the respective utility functions.
Letting Q denote the multiplier on the final C* constraint, the necessary conditions are:
oC - dC*

ac, ~Yac

for k=H,F. (6)

Furthermore, Q = —9C/dC* is the shadow price of Foreign consumption in terms of Home; that



is, Q is the amount of C that is given up in order to increase C* by one unit at the margin.
Hence, é, which is a function of the state {C,C*, Y, Y*}, represents the Marginal Rate of Trans-
formation (MRT) between Foreign and Home consumption at an efficient allocation.

By taking the ratio of (6) for the two goods k = H, F, we can eliminate Q and obtain the static
C 1- 1-y*\ C;
2 () (52)%
Cr Y Y C e

which implies that the marginal rates of substitution across the two goods are equalized for Home

optimality condition:

and Foreign. Note that under Assumption 1, condition (7) implies that Cy/Cr > Cy,;/Cy.

We shall make use of two geometric representations of efficient and in-efficient allocations.
In Figure 1, we depict in panel (a) the Edgeworth box associated with a given state (Y, Y*). The
horizontal axis measures Cy, which ranges from Cy = 0 on the left to Cy = Y on the right. From
the resource constraint, CI*{ = Y—Cpy can be read from right to left. Similarly, the vertical axis mea-
sures Cr. Efficient points use all resources and satisfy (7), which implies the indifference curves
between Home and Foreign are tangent, a geometric representation of (7). For example, point A
in the figure depicts a particular efficient static allocation associated with a given weight w. As
we vary C*, we trace out the set of efficient allocations, depicted by the dashed line connecting
the two opposite corners, the contract curve.

Panel (b) of Figure 1 depicts the Consumption Possibility Frontiers (CPF). Problem (5) defines
the undistorted CPF, which is the outer-most dashed frontier. This frontier is strictly concave to
the origin when preferences differ due to home bias.* Concavity implies that the shadow cost Q
of providing Foreign with more consumption is increasing the greater is the Foreign’s share of
total resources.

The following result provides an additional insight about the slope of the efficient CPF, Q:

Proposition 1. Suppose allocation {Cy, Cr, Cy;, Cr.} solves Problem (5) and let Q denote the
multiplier on the final constraint. Then: (i) Q is strictly increasing in Cy/Cr and Cy,/Cy; and
(ii) holding constant C/C* (i.e., along a ray from the origin in Figure 1b), an increase in Y/Y*

implies an increase in Q.

This proposition gives a sense of how home bias influences the marginal rate of transforma-
tion. As Y/Y* increases, Home’s good becomes more abundant. In response, at each point along

the CPF, each region’s allocation becomes more intensive in the Home good. As Home’s con-

“The concavity and its intuition is discussed in Samuelson (1949). In brief, one feasible allocation is to set
Cy/Cr = C;/C; = Y/Y*, so that each region consumes the goods in the same proportion and equal to the ratio
of the endowments. This will trace out a linear frontier with slope minus one. If the regions prefer the goods in dif-
ferent intensities, a strictly superior sharing rule will be to allow them to consume in different proportions, pushing
the frontier to the northeast of a line and generating a CPF that is concave to the origin.



sumption aggregator uses the Home good intensively, it becomes relatively cheaper to deliver C
and more expensive to deliver C*, raising the shadow cost of the latter. In the decentralization
of Section 3, we map ratios Cy/Cr and Cy;/C, to relative prices and leverage this result to show
how pricing frictions affect the implied MRT.

If the Welfare Theorems hold, then Q equals the competitive equilibrium’s real exchange rate.
This implication was used by Backus and Smith (1993) to test efficient risk sharing by relating
observed consumption to the empirical real exchange rate, which we denote Q. One of our goals
is to explore to what extent the failure of their test is due to the failure of the Welfare Theorems.

We consider possible distortions from efficiency along two dimensions. The first is a “static”
wedge that distorts the relative consumption of Home and Foreign goods within a period. The
second is a “dynamic” wedge that distorts the inter-temporal allocation of consumption. These
wedges allow us to rationalize observed allocations as the outcome of a constrained planning
problem, where the wedges represent additional constraints on the planner’s choice set. In Sec-
tion 3, we introduce a decentralized economy in which these distortions arise from particular

frictions in goods and asset markets.

The Static Wedge The static wedge 6 breaks the equality of MRS in equation (7) such that:

9C"|oCyy L5 I O TR (u) (1 —y*) Cyy ®

aC*[aC;, aC/aCk Cr % y* )Gy

If § # 0, there are static gains from trade as Home and Foreign have different marginal rates of
substitution between the Home and Foreign good. Thus  represents an unrealized gain from
a static exchange of Home for Foreign goods, where § > 0 results in an additional frictional
home bias. In particular, J is generated by different relative prices faced by consumers in each
region. In Section 3, we show how various familiar models of pricing map into ¢ in a decentralized
equilibrium.

The point labelled “Data” in Figure 1a depicts a potential empirical deviation from static ef-
ficiency. As depicted, Home’s MRS between Home and Foreign goods differs from Foreign’s by
a factor 1 + § with § > 0, resulting in Home’s consumption being frictionally biased towards
the Home good, according to (8). As we vary the Pareto weight w, we can trace out a distorted
contract curve, along which the MRS distortion is held constant at 1 + §. This is the solid locus in
the Edgeworth box.® In Section 3, we discuss why a constant § arises as a natural constraint in

the second-best risk sharing problem in a wide range of standard models.

3As noted above, our empirical work allows for trade costs which also generate a wedge between C/Cr and
Cy;/Cr. However, we treat such costs as stable over time in the medium term and interpret year-to-year time variation
in § as reflecting the consequences of pricing frictions.

6 Aguiar et al. (2025) and Itskhoki and Mukhin (2025b) use such an Edgeworth box to study the impact of tariffs
which, just like pricing to market frictions, result in a static wedge § > 0 and a distorted contract curve.



Formally, consider an extended planning problem that solves Problem (5) with the additional

constraint (8):’

C(C*Y,Y"8) = max C(Cy, Cp) 9)
{Cu,Cr.C}.Cr}

subject to (3), (8) and C*(Cy;, Cy) = C7,

where we extend the notation for the C(C*; Y, Y*, §) to include the static wedge §. In words, now
C denotes the maximum consumption of Home given consumption of Foreign C*, the aggregate
resources (Y, Y*), and the static wedge 8. Similarly, Q = Q(C*;Y,Y*, 6) is the Lagrange mul-
tiplier on the C* constraint in this problem, which by virtue of optimality conditions satisfies
Q =-oC /9C* and equals the MRT along the distorted frontier C(C*; Y, Y*, §). The earlier solution
for the first-best problem is nested as a special case with § = 0.

Figure 1b depicts with the inner solid line the distorted Consumption Possibility Frontier fron-
tier C = C(C*;Y, Y", §) given the static wedge J. At the end points of the CPF, the distorted solid
frontier coincides with the undistorted dashed frontier.® This reflects that in both cases, one coun-
try’s consumption goes to zero and the other country consumes both endowments. Away from
these points, as long as the static wedge is non-zero, the distorted frontier lies interior to the first
best. Moreover, it need not be concave: with the static distortion, the regional consumption in-
tensities are not optimized, and may be inferior to the equal ratio benchmark that would deliver

a linear frontier.

The Dynamic Wedge With C = C(C*;Y,Y", §) obtained from the distorted static problem (9)

for a given static wedge &, we can write the inter-temporal Planning problem as:’

l?ca*fEZﬂt l0U(C(C}; Y, YT, 8)) + U(CY)] - (10)
t t>0

"While useful as a conceptual link to the planner’s problem, note that the additional constraint (8) in problem (9)
associated with the static wedge § reduces the constraint set to a singleton, when the C* constraint is evaluated as
an equality. This is clear in the Edgeworth box in Figure 1a. The promised C* to Foreign pins down the indifference
curve of Foreign, and then the § requirement pins down the single point on that indifference curve where it intersects
the d-distorted contract curve (while aggregate resources Y and Y* pin the size of the Edgeworth box). To ensure Q
remains well defined, we deal with this technicality by replacing the static wedge constraint with an inequality in
the formal analysis and proofs. See Appendix A for details.

8To see this, as we approach the horizontal intercept, we can achieve (in the limit) the efficient allocation C —
C(Y,Y")and C* — C*(0,0) = 0, by letting Cy; and C}. both approach zero along a path such that their ratio continues
to satisfy (8) when Cry/Cr — Y/Y*. The same logic applies at the vertical intercept.

Note that we treat & as a constraint on the distorted planning problem. As we discuss in Section 3, this assumes
that shifts in aggregate consumption do not affect the double-difference in prices across borders or, equivalently, the
frictions in exploiting the gains from trade. Many models of pricing frictions, including PTM, PCP and LCP, respect
this property.
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(a) Edgeworth Box

(b) Consumption Possibility Frontier

Figure 1: Geometric Representation of Constrained Efficient Allocations

Note: Panel (a) contains the Edgeworth box for a given (Y, Y*). Point A represents an efficient allocation. Point B lies along the distroted
contract curve defined by a constant static wedge § > 0, which determines the difference in slopes between the two curves. “Data”
represents a particular observed allocation, which has the same & as point B but a relative shift in consumption toward Foreign, A < 0.
Panel (b) contains the Consumption Possibility Frontier (CPF) for a given (Y, Y*). The lines convex to the origin represent the planner’s
indifference curves. The dashed frontier is the first-best CPF, for which § = 0. The inner, solid frontier represents the distorted CPF given a
non-zero static wedge 8. As in Panel (a), point A represents a first-best allocation. Point B represents the second best risk-sharing allocation,
at which the planner’s indifference curve is tangent to the distorted CPF. As in panel (a), the point “Data” represents a potential observed
allocation. The difference in slope between the planner’s indifference curve and the distorted CPF is governed by the dynamic wedge A.
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The first-order condition for a particular history s’, which we suppress in the notation, is

wU’(C) - 9C/aC* + U’(C*) = 0. Equivalently, using the property that Q = -aC/aC*, we have:
U'(C)
wU’(C)

- Q. (11)

This equality states that the marginal rate of substitution (MRS) between Foreign and Home con-
sumption equals the shadow price (MRT) of Foreign consumption relative to Home. Note that
we can use the optimality condition (11) for different values of w > 0 to trace out the §-distorted
contract curve depicted with a solid line in the Edgeworth Box in Figure 1a.

The intuition for equation (11) is that the Planner prefers to tilt consumption towards the re-
gion for which the consumption composite is relatively cheap in a given state. That is, when Q
is relatively small, it is a period in which Home’s composite is relatively cheap to construct
from (Y, Y"), given static distortion §, and vice versa when Q is relatively large. If the com-
posites were identical (that is, when y = 1 —y*), then Q=1in every period for § = 0. In that case,
the ratio of marginal utilities should be constant in response to changes in output Y and Y.

The dynamic, or inter-temporal, wedge is the deviation from condition (11). We define:

UG 1

1 = ———=.
+ At wU'(C)) )

(12)
The inter-temporal wedge reflects an implicit shift in the Pareto weight that rationalizes the ob-
served allocation. This implies that if A; # Ao, there is an inter-temporal reallocation between
(Co, Cy) and (C;, C7) that represents a Pareto improvement.'

In Figure 1b we consider the optimal choice of {C,C*} given a Pareto weight w. Point A
represents the first-best allocation, when A = § = 0. The second-best allocation maximizes the
weighted sum of utility subject to the static market distortion. The resulting allocation is depicted
as point B in both panels of Figure 1. The tangency at B in panel (b) implies that wU(,C(C)) Q, where
Q = Q(C*; Y,Y", ) is the distorted MRT and is the slope of the interior consumption frontier.
Note that for general J, the distorted frontier need not be concave, and hence Q can be a non-
monotonic function of C*. The point labelled “Data” reflects both a static wedge § > 0 and a
dynamic wedge A < 0. The static wedge represents the inward shift of the CPF. The dynamic
wedge represents the lack of tangency between the weighted sum of utilities and the CPF. The

relative slopes between the CPF and the indifference curve determines A.

!%In particular, if A; > Ao, consider increasing C; at the margin by A > 0 and decreasing C;; by —'U’(C;)/U’(C})A,
such that Foreign welfare is unchanged. Feasibility implies that AC; = —-Q;A and AC, = Qoﬁt U’(Cy)/U'(Cy)A. Using
the definition of A;, the sign of the net increase in Home welfare is determined by (1; — A9)A > 0. By convention, we
adopt t = 0 as the baseline period and normalize Ay = 0, as its value is not separately identified from the planner’s
weight w.
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2.3 Identification

We now turn to identification of 8, A, and Q from observable data on real consumption and output
in the two regions. We postpone to Section 4 how we aggregate the world into two regions as well
as other measurement challenges, like the presence of investment and government expenditures.
We also postpone the discussion of how we calibrate the preference parameters o, 0, y, y* and .
Because real consumption and output are indices, we will eventually work in growth rates, but
for the current discussion we assume we observe {C;, C}, Y;, Y;"} for some period t = 0,1,...,T.

In a given period, we would like to recover {Cpy, Cr, CI*{, C;’;} from observables. We have four
equations — the two resource conditions in (3), as well as the two aggregations of the Home
and Foreign goods into the respective consumption composites given in equations (1) and (2).
These are four equations in four unknowns. But these are nonlinear equations, so it is not clear
yet how many potential solutions there are, if any. The Edgeworth box in Figure 1 is a useful
tool to address this question. Given observable {Y, Y*} we have the dimensions of the box, and
given {C,C"} we have two indifference curves. If these curves are tangent, then § = 0 and
there is a unique decomposition into {Cy, Cf, CE, CI";} If they intersect twice, which is the most
they can intersect, there are two possible decompositions, one with § < 0 and one with § > 0.
For concreteness, we focus here on the solution that enhances home bias of the regions, that
is 6 > 0 which corresponds to the area below the efficient contract curve. Finally, if the two
indifference curves do not intersect inside the Edgeworth box, then we have violated feasibility,
that is, the empirical allocation is outside the planner’s CPF. This is evidence of a mis-specification
of preferences and/or a mis-measurement of the observed aggregates.'!

In Figure 1, in both panels (a) and (b), we depict a point labelled “Data.” In panel (a), this is
the solution {Cy, Cr, Cy;, C;.} to the four equations mentioned above, and it pins down the static
wedge § > 0. In panel (b), we also indicate the observed data on aggregate consumption {C, C*}.
Given 6§, we can turn to the planner’s sub-problem (9) of delivering maximum C given C* in order
to infer Q. Relative to B, the Data is biased toward Foreign consumption. In the figure, the gap
between the slope of the indifference curve and the slope of the distorted frontier at the “Data”
point represents that period’s dynamic wedge A;, which is negative in the case depicted.

Over time, the Data point moves around inside both the Edgeworth box and the first-best
CPF, resulting in the time series variation in the implied wedges § and A. Strictly speaking, the
dimensions of the Edgeworth box and location of the CPF move around as well with variation in
output (Y, Y*), which we take into account when recovering the wedges. So long as the resulting

Data point is inside the first-best CPF, there exists a unique solution for (4, §) with § > 0.

n our empirical estimation in Section 4, we discuss when such pathologies arise in the data, and we also bring
additional data on trade flows to identify the value of §; in the baseline year.
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The Cole-Obstfeld Case The identification procedure described above and implemented in
the data in Section 4 is general and applies for any calibrated model parameters. However, the
system of equations used to invert the data is highly non-linear and, in general, does not feature
a tractable closed-form solution. For illustration, we focus here on the Cole and Obstfeld (1991)
case with o = 6 = 1, which admits a more tractable inversion for recovering wedges and planner’s
MRT from observable data on consumption and output. We have the following characterization

(with the complete non-linear solution provided in Appendix A):

Lemma 1. Suppose that o = 0 = 1. Then there exist strictly positive functions of § and A, g
and g*, such that:

C=g\&Y'YY  and C*=g"(1,8) Y Y17V,

and therefore Q - ﬁ% (Y/YH)'YY Moreover, g is strictly increasing in A; g* is
strictly decreasing in A; and g and g* are strictly decreasing in |§| for § # 0.

The derivative of C and C* with respect to § reflects that as § moves away from zero in either
direction, the static distortion intensifies and less consumption can be generated from the same
output. The relationship of the respective consumptions with respect to A reflects that A shifts
consumption away from Foreign and toward Home. The lemma states that for given wedges, C
and C* expand with both outputs, while exhibiting home bias, and the planner’s MRT depends
on the ratio of outputs. Furthermore, when the two wedges remain constant, i.e., A1 = A§ = 0,

the following relationships hold in log changes:
Alog(C/C*) = AlogQ = (1 —y — y")Alog(Y/Y*).

Despite this relationship under constant wedges, an implication of the lemma is that — in the
presence of home bias — there is no simple relationship between consumption and output corre-
lations.!? As a result, the inference about distortions must rely on the full structure of the model
combined with the full covariance matrix of consumption and output in both region.

In the Cole-Obstfeld case, consumptions can be scaled with the Cobb-Douglas mixtures of the
two outputs, as shown in the lemma. Then the wedges can be inferred from the joint movements
in these ratios, depending on whether they move in concert or in opposite directions. A reduction
in both consumption ratios — a movement towards the origin in Figure 1b — implies an increase

in 4, while a movement in opposite directions — along a distorted CPF — implies a change in A.

12For example, assuming symmetry, y = y* and var(Alog Y) = var(A log Y*), the lemma implies that:
cov(Alog C, Alog C*) = 2y(1 — y)var(Alog Y) + [1 — 2y(1 — y)|cov(Alog Y, Alog Y™),

and depending on parameters the consumption correlation may be smaller, equal to, or larger than the output cor-
relation (see Heathcote and Perri, 2014).
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2.4 Welfare Losses

The decomposition of the distance from the first-best allocation into static and dynamic wedges
provides an intuitive “two-stage budgeting” interpretation: the planner would like to ensure the
static gains from trade are exploited, and given whatever static distortion remains, she will equate
the relative marginal utilities to the marginal rate of transformation. To see this dichotomy more
explicitly, we can shed some light on how this “separability” arises.

For a given Y and Y*, define
C*(A,6) = arg max [o(1 + HU(C(C*; Y, Y, 8) + U(CY)].

The first-order condition for this problem is

U'(C*) = w1+ )U'(C) - Q,

where we used the definition of é(C*; Y,Y*,8) = —9C/aC*. Note that é*(O, 0) is the first-best
allocation, and C*(0, 8) is the second-best allocation that maximizes the planner’s objective given

the static wedge. We define a period’s welfare deviation from the first-best allocation as:
L(A, 8) = [@U(C(C*(0,0))) + U(C*(0,0)| - [wU(C(C*(A,8))) + UC*(4.6))], (13)

where we have suppressed the additional arguments in the C functions (keeping in mind that the
static wedge is zero in the first bracketed term and ¢ in the second). By construction, L(4, ) > 0
and (0, 0) = 0. Also, we have for any &

IL(A,6) oc . lac*(A,6)
i (C)aC* + U'(C*) 7
.. 9C aC*(A, )
= AdoU (C)aC*T 20 = 120,

where the second equality uses the first-order conditon from the argmax problem in the definition
of C* and the last statement uses the fact that dC/oC* < 0 and aC* /oA < 0.1 Hence, L(-, §) has a

global minimum at A = 0 for every §:

Proposition 2. For any value of the static distortion §, the welfare loss from the dynamic

distortion is minimized when A = 0: arg miny L(4, §) = 0, V4.

This is an unusual property in the general theory of the second best, where the presence of a

distortion on one margin calls for optimal distortions of other margins, as for example is the case

13The second-order condition for the C* problem implies that C* is strictly decreasing in A given .
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with general markup wedges.'* This is not the case under our (A, §) representation, motivating our
focus on A as a measure of the risk-sharing distortion independent from the nature and extent of
static inefliciencies in the economy captured by §. More precisely, the intertemporal reallocation
of consumption due to § is entirely captured by Q. Given this distorted MRT, a constrained
planner has no additional incentive to deviate from (11), and would choose A = 0. In other words,
A # 0 necessarily implies the presence of a distortion to intertemporal risk sharing.'

A corollary of Proposition 2 is that a second-order expansion of the welfare loss around the
efficient allocation, A = § = 0, can be represented by a quadratic form in A% and &2, without a
cross-product term. That is, the second-order welfare loss is additively separable in the static and
dynamic wedges. If this were not the case, the value of A that minimizes the welfare loss for some
small § # 0 must be different than zero, contradicting Proposition 2.

We provide a general derivation of the second order approximation to the welfare loss func-
tion in Appendix C, and display here the simplified expression for the symmetric case with w = 1
and y = y*. We have:

1

1 . _
L(A,8) = Oy(1 — y)[KAZ . 252] with k= (14)

where the loss is expressed in units of home flow marginal utility. For standard parameter values,
00 > 1, welfare loss from distortions to static and dynamic international exchange is increasing
in the value of openness y and in the elasticity of substitution 6. The squared terms A* and &
have a Harberger triangle intuition. Recall that A is like a tax on inter-temporal trades and § is
a tax on static trades. The welfare costs of these wedges in the neighborhood of zero is equal to
the square of the tax rate times a term reflecting the tax elasticity of the consumption allocation

(see appendix).

3 Decentralized Equilibrium

In this section, we address two issues regarding a decentralized equilibrium and how it relates to
the planning problem. The first is how to map the observed empirical allocation to a sequence of
prices and wedges that support the allocation as an equilibrium. This is essentially an accounting

exercise, similar to the measurement of the wedges between planning allocation and the observed

"“There are other decompositions that can be used to characterized the distance to the first-best. For example,
another way to quantify distortions are the product-region-specific markup wedges following Baqaee and Farhi
(2020). See also Bhandari et al. (2025), Davila and Schaab (2025) and Baqaee and Burstein (2025) for the discussion of
welfare in frictional economies with heterogenous agents.

15This separation rests on two assumptions. The first is homotheticity of preferences, so the MRS between Home
and Foreign goods is independent of aggregate consumption. The second is the assumption that § does not vary with
aggregate consumption, which is equivalent to assuming that frictions to bilateral trade (i.e., trade impediments and
differential relative price distortions, as we discuss below) are not sensitive to the level of total consumption.
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allocation. The second task is to understand what type of environments endogenously generate
the price and wedge behavior observed in the data. In particular, how the market and pricing
frictions discussed in the literature can be used to interpret the observed allocations we present

in Section 5.

3.1 Household Behavior

The households’ problem in the decentralized equilibrium is standard. We therefore relegate
details to the appendix and flag key aspects in the text. The representative Home household faces
a sequence of prices {Pp;(s'), Pr;(s")} for the Home and Foreign goods in Home’s currency. With
the CES consumption aggregator (1), the ideal price index for the Home composite is therefore

(suppressing time and history indexing when convenient):
P= [ -y)PL? + P00,

For the initial exposition, we write the problem as if the Home household has access to a
full set of Arrow-Debreu securities. While the complete-markets notation is convenient for the
exposition, we discuss below in Section 3.3 how to map the wedges we recover into more realistic
asset structures, such as incomplete and segmented asset markets. Let A;(s') be the price of an
Arrow-Debreu security in Home that pays one unit of the Home’s currency in history s’. The
representative Home agent has an initial wealth w and an endowment stream {Y;(s")}, and solves

the following problem:!

max > 3 f'm(sHU(C(s") (15)

Gy S 4

subjectto w > Z Z As(sh) (Pt(st)Ct(st) - PHt(st)Yt(st)) )

The first-order conditions for the Home representative agent imply:

C Py\ 7’ C pp\ 7Y
Zoa-n(B) L TR (16
and
B ri(sHU'(Ci(s")) = EA(s")Pi(s"), (17)

where ¢ is the Lagrange multiplier on the budget constraint, which is strictly monotonically

decreasing in the initial wealth w.

16The initial wealth consists of any claims on Foreign residents as well as claims to rebated tax revenues and/or
profits arising from the wedges in foreign exchange markets and goods markets discussed below.
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The Foreign agent’s problem is symmetric. It faces prices {Pj, (s*), Py, (s)} for the Home and

Foreign good in Foreign currency, with an associated CES ideal price 1ndex.

sk k pxl— %k k11— 1/(1_9)
P:(}/PH19+(1—Y)PF1 6) .

The nominal exchange rate as & is the amount of Home currency needed to purchase one unit of

Foreign currency. In turn, the real exchange rate Q is the ratio of Foreign to Home price levels:

Q=

_p\ 1/(1-0)
&r _ &7 (y* (- 1) (Pp/Py)’ 9) (13

P Py |\ (1-y)+y(Pp/Py)?

which depends on local relative prices, Pr/Py and P}i /P%., as well as on the deviation from the
Law of One Price (LOP) for the Home good, EP};/ Py, as consumers in the two countries may pay
a different amount for the same good.'’

The Foreign agent faces Arrow-Debreu prices A} (s") expressed as the period ¢t = 0 Foreign
currency price of one unit of Foreign currency delivered at ¢ in history s’. Note that Foreign and
Home residents may face different prices for identical securities and goods even when converted
to the same currency. Given an initial wealth w* and a stream of endowments {Y,*(s")}, the Foreign
household solves:

max Z Zﬂtﬁt(s YU(C}(sY)

s =4

subjectto w* > ZZA L(sCy (") = P (sHY[(sh)) .

The first-order conditions for the Foreign representative agent imply:

L (E Eanf
and
B m(sHU'(C{(s")) = EAf(s")P; (s"), (20)

where £* is the Lagrange multiplier on Foreign’s budget constraint decreasing in the initial wealth w*.

7Note that Q in (18) can be equivalently rewritten in terms of the local relative prices and the LOP deviation for
the Foreign good, EPy/Pr. Two other aggregate relative prices, the terms of trade Pr/(EPy;) and EPy /Py, can also be
recovered from the three relative prices that we focus on, but they are not needed for our empirical implementation.
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Measuring Implied Prices Given measured allocations in each region, we can use the first-
order conditions to infer prices faced by Home and Foreign agents. In particular, given a sequence
of observed allocations {Cp;, Cry, Cr}, we can use (16) to infer the sequence of relative prices
{Px:/Py, Pry/P;}. Similarly, from (17) we can infer the sequence of implied Arrow-Debreu prices,
or more precisely EA;(s")Py(s")/m;(s"). Similarly, from (19) and (20) we can infer {P};,/P}, P}, /P;}
and E*A;(s")P; (s")/mi(s"). In addition to the observed quantities, we observe the real exchange
rate {Q;} defined in (18), which together with the local relative prices allows us to construct LOP
deviations for both goods, P;;/Py and P;/Pr.

3.2 Decentralized Wedges

Given the relative prices of goods and prices of states identified above, we can recover the implied
allocation-relevant wedges in the decentralized equilibrium. First, we define the two law-of-one-
price deviations for the Home and Foreign goods as:

1 &y d 1 P (21)

+ = an + = .
M= "y =Py

In other words, the wedges uy and pr are the premiums (if greater than zero, and discount oth-
erwise) paid by the Foreign consumer relative to the Home consumer for the Home and Foreign
goods, respectively.

Second, we define the Backus-Smith wedge (normalizing 1, = 0):

A[(s") Eolso)  1U(C(T) 1

1+y(sh) = Ae(st) Elst) @ U'(Ci(s")) Qu(s")

(22)
where the constant ® = alo% is decreasing in the relative Foreign wealth, w*&y/w, and it is
the equilibrium counterpart to the Planner’s Pareto weight on Home . In what follows, we
normalize w = & as this has no effect on our measurement and counterfactuals in the following
sections. The wedge  measures deviations from efficient privaterisk sharing. The first expression
in (22) defines it as the deviation across the two regions in the period-0 price of the Home currency
delivered in a certain future state s’ at date t, hence the exchange rate conversion for A*. The
second equality uses the households’ first order conditions (17) and (20) and the definition of the
real exchange rate (18) to relate ¢ to the wedge that we measure in the data following Backus
and Smith (1993): namely, the relative marginal utility of consumption in Foreign versus Home
compared to the relative equilibrium price of the two consumption aggregates Q.

The following result shows how the equilibrium wedges relate to the planner’s distortions

discussed in the previous section:
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Proposition 3. (i) The static wedge § defined in (8) is related to deviations from the Law of
One Price in (21) by:

(ii) The dynamic wedge A defined in (12) is related to the Backus-Smith wedge of (22) by:

1+/1t=(1+¢t)-%,
Q;

Note that the pair of LOP deviations (g, ) in the decentralized allocation map into a single
static distortion in the Planner’s problem, §. For relative consumption allocations, it is sufficient
to know the wedge between relative prices in the two markets. This follows from combining
the respective static first-order conditions for Home and Foreign and the definitions (21) and
comparing to (8). Proportional changes in both 1 + gy and 1 + pp do not affect the static wedge 6,
yet they can be identified in the decentralized allocation from the real exchange rate Q, which is
an additional observable. For example, doubling both foreign prices P and P;; does not change
either local relative price P;/P;I or Pr/Py, but doubles the real exchange rate, as can be seen
from (18). This, however, does not affect the static wedge § and hence the relative consumption
allocation in the goods market.

The second result in the proposition establishes that the gap between the Planner’s dynamic
wedge A and the Backus-Smith wedge ¢/ is equivalent to the gap between the observable equilib-
rium real exchange rate Q and the unobservable technological Marginal Rate of Transformation
between the two consumption composites Q. Our next results show that when the Welfare The-
orems hold — i.e., the goods market relative prices are undistorted — the two variables are the
same, Q = Q. To the extent the Welfare Theorems fail, the private and social measures of MRT,
Q and é, can be distinct, and hence so can the two dynamic wedges, ¢ and A.

We observe from Part (i) of Proposition 3 that the static distortion disappears if the deviations
from the law of one price are equal across the two goods. This is the case when households in
both Home and Foreign face the same relative prices, although the levels of prices may differ.

This case allows for a simple characterization of the gap between Q and Q and, hence, between

A and ¢

Proposition 4. If uy = pr = p, then § = 0 and

== =1+ (23)
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This Proposition emphasizes a direct link between the planner’s dynamic wedge A, the de-
centralized risk-sharing (Backus-Smith) wedge 1/, and the difference in the level of prices across
regions y. The condition that yy = pr implies that all prices may be uniformly higher in one
region, but the relative prices are undistorted, and, in particular, Q = (1 + y)é The mapping
from LOP deviations to Q/Q becomes analytically intractable when 6§ # 0, however, the general
principle that LOP deviations py and pr may insulate A from fluctuations in v still applies.'®

Proposition 4 has the following immediate corollary:

Corollary 1. If uy = pr = p, we have: (a) when LOP holds (u = 0), then A = ; (b) when the
Backus-Smith condition holds ( = 0), then A = p; (c) and when 1+ p = ﬁ, then A = 0.

These are useful special cases, as they nest many familiar models, which we discuss below. They
also illustrate that there is no one-to-one mapping between ¢/ and A. First, we can have 1 = ¢
when LOP deviations are absent. In this case, the Welfare Theorems hold for the goods market
implying Q = Q. ie. no disagreement between decentralized aggregate prices and the planner’s
marginal rate of transformation. By consequence, the only source for dynamic inefficiency A are
the risk-sharing frictions ¢ in the decentralized allocation.

Second, even when the private risk-sharing (Backus-Smith) condition holds perfectly, i = 0,
we can have A = p # 0. In this case, frictional price level differences create a gap between the
planner’s MRT Q and the real exchange rate Q, making privately-optimal risk sharing inefficient
from the planner’s perspective. This leaves dynamic welfare gains on the table even when all
households are on their undistorted Euler equations with ¢/ = 0.

Finally, for any Backus-Smith wedge ¢/, we can have A = 0 if y offsets . Specifically, by

Proposition 4, we have that:
T+pa+y)=1 = A=0,

as in this case Q # é, and, in particular, Q/ Q=1+ g = 1/(1 + ). In other words, frictions in
cross-border pricing exactly offset movements in the real exchange rate, resulting in an efficient
inter-temporal allocation of consumption despite deviations from perfect private risk sharing.
In the next subsection, we show that this implication holds under a popular pricing protocol.

Furthermore, it will be a useful benchmark to interpret the empirical results of Section 5.

¥The proof of Proposition 4 shows how, in the absence of the static wedge, the algebra of the planner’s problem
is similar to the algebra of the decentralized allocation. This ceases to be the case when pp # pr and § # 0, resulting
in a substantially more complex mapping from (¢, pg, pr) to A, with no closed-form characterization even in the
Cole-Obstfeld case. A fortiori, the presence of pyy # ur leads to a gap between Q and Q and, hence, between A and ¢.
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3.3 Equilibrium Wedges

We complete our description of the decentralized economy with a discussion of alternative models
of deviations from perfect risk sharing in the financial market and from the law of one price in

the goods market.

Financial Markets We begin by briefly discussing alternative interpretations of the private
risk-sharing wedge 1. The most straightforward interpretation is that there are complete markets
subject to region-specific distortionary taxes (e.g., capital controls), which are rebated lump-sum.
Thus, Home and Foreign households face different after-tax prices on the Arrow-Debreu secu-
rities, resulting in a wedge 1/;(s") between A(s") and Aj(s"), as in Itskhoki and Mukhin (2025c).
A similar interpretation is obtained if we introduce segmented markets with intermediation fric-
tions. For example, intermediaries charging premia or mark-ups on asset trades can rationalize
the different prices faced by Home and Foreign households for the same security.

More generally, i can be interpreted as the difference in marginal utilities that arises from
exogenous or endogenous market incompleteness. For example, if only a single risk-free bond
paying out in the common numeraire (e.g., in the home currency) is traded, the associated Euler

equations in the two regions imply for each period ¢:

YA RN UGN ) o

U(Cy) Prar| U'(Cy) P S

where we have cancelled the common discount factor f and the interest rate from both sides.
In this environment, the sequence {i;} represents the net differences between realized and ex-
pected marginal utilities across the two regions (see, e.g., Backus et al., 2001; Lustig and Verdel-
han, 2019). In incomplete intermediated markets, i/ emerges in response to shifts in demand in
the currency and various other asset markets (see, e.g., Gabaix and Maggiori, 2015)."

It is important to distinguish the planner’s optimal risk sharing condition from that of pri-
vate agents in partial equilibrium. From the perspective of individual agents, the observed real
exchange rate constructed from retail prices is the relevant measure of the relative price of con-
sumption baskets. Hence, the presence of ¢/ implies that individual Home and Foreign agents
would like to engage in additional inter-temporal trade and tilt their consumption profiles to
eliminate . However, the planner recognizes that retail prices may be distorted by cross-border

markups, and therefore such trades may not bring the allocation closer to the first best.

Pricing Protocols We discuss three familiar pricing protocols with sticky and flexible prices

which differ in their implications for the endogenous LOP deviations py and pp. Under flexible

YChernov et al. (2024) generalize condition (24) to an arbitrary international asset market structure that nests cases
of both (partially) integrated and (frictionally) intermediated asset trading between Home and Foreign households.
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price setting, output Y and Y* can be still viewed as exogenously given endowments, with prices
adjusting to ensure market clear. Under sticky prices, output is demand determined. To explore
this alternative, we describe a sticky-price extension to our environment.

Specifically, we assume the monetary authority controls nominal aggregate demand. In par-
ticular, let M = PC and M* = P*C* denote nominal demand in Home and Foreign, respectively. A
useful microfoundation is a cash-in-advance constraint, but one could also think of a nominal in-
terest rate as the instrument of demand management as in standard New Keynesian models. The
nominal exchange rate varies with relative demand, but distorted by the presence of the financial

wedge 1. For example, if o = 1, condition (22) immediately implies the following relationship:

1 M
E=——F—. (25)
(1 + ) M*
The timing within a period is as follows: (i) retailers set prices in each region (described below);
(ii) the monetary authorities decide on the nominal money supplies and the foreign exchange
distortion/tax i is realized; and (iii) production occurs and markets clear. We provide full details

of the environment in Appendix B, while Appendix A contains proofs of the propositions.

Producer Currency Pricing To complete the description of the sticky-price environment, we
need to specify price-setting behavior. A simple pricing benchmark is when a producer sells
its product for a common price across all destinations. This is consistent with a marginal-cost
or constant mark-up pricing across destinations in a flexible-price model. In the sticky-price
Open Economy New Keynesian literature, it is also known as producer currency pricing (PCP)
(e.g. Obstfeld and Rogoff, 1995). Under PCP, a producer sets the price of their product in their
own currency regardless of the destination market. As a result, the price that consumers face
for the good in the destination market is proportional to the nominal exchange rate between
the producer and consumer currencies. That is, P;; = Py/& and Pr = PrE. Regardless of the
nominal exchange rate realization, the price that consumers face in different markets will then
be identical once converted into a common numeraire. By conditions (21), this implies that under
PCP, py = pr = 0. Furthermore, consumers in both countries face the same relative price that
moves one-for-one with the nominal exchange rate, Pr/Py = Pj./Pj, = &Py /Py, given the preset

producer prices Py and Py

2For all parts of Proposition 5, we are holding & constant: that is, we are comparing different values of M/M*
or i holding constant the present value of resources in the household budget sets. Given preset prices (P, Py), the
realized values of (M, M*, {/) determine the equilibrium outcomes (C,C*, Y, Y*, Q, &) . The resulting output (Y, Y*) is,
in general, inefficient unless i = 0 and M and M* are chosen to relax the preset-price constraints, an open-economy
version of the divine coincidence (Gali and Monacelli, 2005; Itskhoki and Mukhin, 2023). Our focus, however, is
on the efficiency of consumption allocations — which is achieved when A = § = 0 - given the observed output,
irrespective of whether output is exogenously given, produced, or demand-determined.

23



Proposition 5 (a). Under PCP, the equilibrium features g = pup = 0,8 = 0, and A = .

Moreover, Q = Q and both are increasing in M/M* and decreasing in .

PCP is a case in which the planner’s MRT equals the observed real exchange rate. The same
relative prices in each market ensure that § = 0, and hence the equilibrium lies on the first-best
CPF. Moreover, the LOP deviations are zero, and so private agents and the planner agree on the
relative price of the two consumption bundles. This equates the planner’s dynamic wedge A with
the private risk-sharing wedge . Given that output is demand determined, Y/Y* positively co-
moves with M/M*. From Proposition 1, this implies that é, and hence Q, both increase in M/M*

and decrease in .

Local Currency Pricing An alternative benchmark is that producers set a destination-specific
price for each market. In particular, producers fix a price in each market in units of the respective
market’s currency, and this price is “sticky” in the sense that it does not adjust to the realized
value of the nominal exchange rate. This is referred to as local currency pricing (LCP) in the Open
Economy New Keynesian literature (e.g. Devereux and Engel, 2002). Under this pricing protocol,
LOP deviations move one-for-one with the nominal exchange rate. Specifically, suppose that a
Home-good producer sets a price of Py in the Home market and a Foreign-currency price of Py,
in the Foreign market. Let & = Py /P}; be the ratio of the two, and hence the LOP deviation is
&P} /Py = E/E. In the literature on LCP, it is typically assumed that the Foreign-good producer
sets prices analogously, in particular, Pr/ P;i = &. Thus, a natural benchmark is that & = ES, where
EE is the expected exchange rate conditional on information at the time of price setting, making
the two LOP deviations zero in expectation. However, LCP is also consistent with producers
targeting a higher price in one market versus the other by a uniform proportion. From (21), the
realized LOP deviations are the same for both goods, and proportional to the nominal exchange
rate: 1+ uy = 1+ pup = &/E. Note that the realized exchange rate determines the LOP deviations,
but does not change the relative prices faced by consumers in each market, Pr/Py = P;i /P%., which

are pre-determined under LCP.

Proposition 5 (b). Under LCP, the equilibrium features ug = pr = p such that 1 + p o< Q,
8§ = 0, Q is constant within the period, Q « ﬁ(M/M*)”, 1+A=01+p@+y) o (M/M*)°,
that is A does not vary with { given M/M*.

Under LCP, relative prices in each market are pre-set. Hence, relative consumption of Home
and Foreign goods in each market is also pre-determined ex ante. By part (i) of Proposition 1,
this implies that Q is constant. In particular, movements in aggregate consumption driven by

monetary policy are matched by changes in output leaving the MRT constant. In turn, financial
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shocks ¢ are fully absorbed by the nominal exchange rate, and hence Q and the LOP deviations f,
leaving allocations (as well as the planner’s wedge 1) unchanged.?! The LOP deviations drive a
wedge between equilibrium relative prices and the planner’s shadow prices, and hence Q does
not equal Q in general. However, as M/M" varies, relative consumptions are affected and these
changes map directly into A. This echoes the tradeoff between fixed versus floating exchange rate

regimes analyzed in Devereux and Engel (2003).

Flexible Pricing to Market Lastly, we consider a flexible-price model with pricing to market
(PTM) a la Atkeson and Burstein (2008). In this model, the optimal markup differs across mar-
kets for each product, as it depends on the average competitor price in each destination. Home
bias (and trade costs) result in different consumer price levels, and the real exchange rate Q pro-
vides an aggregated metric for these differences. Following Amiti et al. (2019), we approximate
the strategic price-setting behavior of Atkeson-Burstein and assume that in setting prices for a
destination market, firms put weight ¢ on prices of their competitors. In particular, we show
in the appendix that &P, /Py = EP;/Pr = (EP* /P)?. Parameter ¢ € [0,1) is the weight on the
price index in the target market, and captures the extent of strategic complementarities in price
setting. Similarly, 1 — ¢ captures the weight on the common marginal cost, which is converted
into the target market’s currency using &. The equilibrium LOP deviations are therefore given
by 1+ py = 1+ pp = Q?. LOP holds if and only if ¢ = 0; otherwise, both Home and Foreign LOP

deviations track the real exchange rate with an elasticity ¢ > 0.

Proposition 5 (c). Under flexible-price PTM with ¢ € [0,1), the equilibrium features
g = pp = posuch that 1+ = Q%6 =0,Q=Q"%, 1+ =(1+y)Q%, and Q is strictly

increasing in Y /Y™ and decreasing in .

We see that PTM shares many features of PCP and LCP, depending on the value of ¢. In
particular, at ¢ = 0, firms set prices based on domestic costs alone. In this case, the planner and
private agents agree on the risk-sharing distortions, and all shocks to ¢ map into A, similar to PCP.
On the other hand, as ¢ — 1, all weight is put on the destination market, and we approach LCP.
In this case, financial wedges ¢ are increasingly absorbed by LOP deviations y with vanishing

affects on Q and A. For interior values of ¢, the equilibrium shares features of both extremes.

Equilibrium Wedges We can leverage the fact that PTM provides a bridge between PCP and
LCP to compactly collect the above results:

21 fact, given pre-set prices, if M/M* is chosen such that (C/C*)° equals the constant wQ, then A = 0 regard-
less of .
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Corollary 2. Under PCP, LCP, and PTM, the equilibrium features puyy = pur = pand $ = 0,

and for each protocol there exists a constant Q such that:

1+y Q
with ¢ = 0 for PCP, ¢ = 1 for LCP, and ¢ € [0, 1) for PTM. Under all protocols, Q and, hence,

u are strictly decreasing in .

1+1 Q (Q)¢
= =1+p= ,

As we already saw in Corollary 1, in models where LOP holds, including under PCP and flex-
ible prices with ¢ = 0, the planner’s risk-sharing wedge A equals the Backus-Smith wedge .
Under LCP and PTM with ¢ > 0, LOP violations move in concert and together with the real
exchange rate. This keeps the relative prices in sync across the two markets, Pr/Py = P;/Pp,
resulting in no static wedge, § = 0.2 At the same time, the planner’s dynamic wedge A differs
from ¢/, as the real exchange rate Q differs from the planner’s MRT Q under LOP deviations. Fur-
thermore, the LOP deviations 1 comove with Q?, endogenously offsetting the effects of financial
wedge ¢ on both the planner’s MRT Q and the planner’s dynamic wedge A, rendering both of
them more stable relative to their respective decentralized equilibrium benchmarks Q and .

This last observation about LCP and PTM models is essential for understanding the patterns
in the data. Consider models in which the main driver of the exchange rate is variation in the
private risk-sharing wedge 1, as in Itskhoki and Mukhin (2021). For example, under LCP with
prices pre-set such that expected LOP deviations are zero, both nominal and real exchange rate
innovations are given by:

Q & Ty (M/M*)?
EQ E& E[ﬁ(M/M*)(’] '

Therefore, the Home exchange rates appreciate (Q and & decrease) with 1 + i/ and depreciate
(Q and & increase) with (M/M*)°. Holding M/M* constant, variation in 1+ is then fully offset by
endogenous variation in LOP deviations, 1+ u o« Q, resulting in fully stable planner’s MRT Q and
dynamic wedge A. By contrast, when exchange rate fluctuations are driven by other shocks, like
money or productivity (endowments), the resulting LOP deviations y translate into the planner’s

risk-sharing wedge A even when ¢ = 0.

22 All pricing protocols in Proposition 5 (a)-(c) imply § = 0. This is useful for analytical tractability and building
intuition, but is not imposed in our empirical analysis. In particular, we do not impose any pricing-protocol restric-
tions in Section 5. Thus, we do not rule out alternative pricing protocols such as dominant-currency pricing (DCP;
Gopinath et al., 2020), which may distort relative prices across countries. In particular, we study the joint statistical
properties of the data-inferred wedges (um, pir, ¥, 8, A), and discuss the structural models that are consistent with
measured wedges.
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4 Measurement

In this section, we summarize our approach to calibration and mesasurement. Full details are

contained in Appendix D.

4.1 Data

One of the key advantages of our approach is its minimal data requirement: to measure the quality
of risk sharing, we only need the time series for aggregate real quantities and a few cross-sectional
moments to calibrate parameters of the model. To this end, we use the World Development Indi-
cators (WDI) — the World Bank’s premier compilation of cross-country comparable data — and
focus on a balanced panel of 104 countries from 2000 to 2019. The period is chosen to maximize
the sample size and excludes the high volatility of 2020 pandemic. We use annual data to fo-
cus on risk sharing at the medium frequency, the one at which the Backus-Smith puzzle is most
pronounced (Corsetti et al., 2012).

Using the WDI data, we construct three aggregate series for the following quantities: GDP,
consumption, and absorption, which we denote Y, C, and A, respectively. Absorption is defined
as total local spending, computed as GDP minus net exports, which in turn equals the sum of
consumption, investment, and government spending. For each series X € {Y,C, A}, we compute
real growth rates between a base year and period t. We select 2019 as our base year, and let
f,'t = X;;/X; denote the growth in X for country i between 2019 and year ¢, where X denotes
base-year quantities. For Y and C, we use the constant-local-price indices provided by WDI to
compute real growth rates. For absorption, we deflate the nominal series by the GDP deflators.

For each country i, we take Foreign to be the rest of the world (ROW). To compute ROW
growth for series X, we first construct a global growth rate as follows. In the base year 2019, we
compute country i’s share in the global economy for each series. In particular, we construct the
GDP weight of country i in the base year (2019) as wl.Y = Y;/X jej Y;, where J is our sample of
104 countries. The global growth in any variable X is then GX = ¥, jeJ wjyf jt. Furthermore, for

country i, the growth in the ROW is computed as:

=, 1 —~
Xit = —Y(G?( - WlYXlt)
1-w,

We drop the index i below where it causes no confusion as our analysis is country-by-country
with the ROW correspondingly defined in each case.
Finally, the real exchange rate for country i is computed as the weighted average real exchange

rate against all other countries, where weights are each country’s share of ROW GDP in the
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base year:

w
Qi = Z —YQijts
j#H AT W

where Q;; is the real exchange between i and j in year t relative to 2019.”> Appendix D provides
further details.

4.2 Calibration and Measurement

To recover the quantities of Home and Foreign goods consumed in each country we follow the
procedure discussed in Section 2. We assume that absorption in Home and Foreign is pro-
duced using the CES aggregators C and C* defined in (1) and (2), respectively. Specifically,
A; = C (Any, Art), where Ap; and Ap; is the amount of the Home and Foreign goods, respec-
tively, used to produce A;. Similarly, A} = C *(A}kﬁ, A;t).

Given our homothetic functional form assumptions, it is straightforward to define the envi-
ronment in growth rates, as in the “exact hat algebra” of Dekle et al. (2007). We have for the

Home country:

C(Apt, A Agr A Ag ~ Ap~
= ( HE Ft) :C( P_It l) :C(__HAHt, —_FAFt),

_ A
T4 A A A A

where A corresponds to the base-year values of the variables. We can rewrite the final term in

more compact form by re-defining the aggregator (1) and (2) in terms of growth rates:

- -1 0 =
= (a-pag A7 )" (26)
" —*’\-% =k A% %
Ar = (Y Ay +(1=7)A™ g, ) , (27)
1, - _, 01 1, - _ 01
where we define y = y7 (Ap/A) 7 and j* = y*o (A}‘}/A*) 0
Similarly, we can scale the resource constraints (3) as follows:
—~ Y. IquL +A; —~ ~
Y, = ?t = —— — (1 - a@)Am + @Ay, (28)
-, Y Ap+ AL~ e
}’tEY—ZzTH=aAFt+(1—a)AFt, (29)

where @ = A},/Y and @* = Ap/Y* are the shares of, respectively, the Home’s and Foreign’s

production exported in the base year.

23The mean correlation of the resulting series with the real effective exchange rate from the WDI is 0.84 and the
relative standard deviation is about 1.4.
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We parameterize the model as follows. We use conventional values for the inter- and intra-
temporal elasticities, 0 = 2 and 0 = 4 (see, e.g., Chari et al., 2002; Backus et al., 1994). To cali-
brate a, we take the ratio of exports in the base year and divide by a measure of GDP adjusted for
purchasing power parity (PPP). The PPP adjustment reflects that relative prices are not equalized
across countries, consistent with the static distortion § introduced in Section 2. In particular, we
compute non-exported output as the dollar value of GDP minus the dollar value of exports, all
divided by the WDI’s PPP adjustment factor. Hence, a country with a relatively low domestic
prices of local goods (i.e., a PPP adjustment factor less than one), is scaled up. With this adjust-
ment, we compute @ = Exp/GDPppp, where Exp is the value of base-year exports and GDPppp
is the value of base-year GDP in dollars divided by the PPP adjustment factor. Similarly, a* is
computed as the imports of the Home country in USD divdided by the sum of the rest-of-world’s
PPP-adjusted GDPs.

The constant y is the elasticity of absorption with respect to the foreign input, which we
measure in the spirit of the Shephard’s lemma as the absorption shares of imports in the base
year. In particular, we set y equal to the ratio of the dollar value of imports to the dollar value of
domestic absorption (which, recall, is output minus net exports). For y*, we take Home’s exports
divided by the rest-of-world’s (aggregate) absorption, all expressed in base year USD. Note that
we only need the levels of variables in the base year to compute these constants reflecting base-
year shares. All other years are expressed in terms of growth rates relative to the base year.

With these parameters in hand, we then use the system of four equations in four unknowns,
now in growth rates, outlined in Section 2. This provides a series for XHt, A\Ft, E;t and E}t We
can then compute the inputs for consumption (absorption net of investment and government

spending) using the relative growth of consumption to absorption:

—~

~  ~ C
Cit = Ay - —  for k=H,F, (30)
Ay

and similarly for 5; ;- That is, the inputs of Home and Foreign goods for consumption are a scaled
version of the inputs for absorption, with the scale factor representing how much consumption
has grown relative to total absorption.

Given {Cy;, CZt}’ k € {H,F}, we construct the share of Home and Foreign GDP devoted
to consumption. These quantities are held fixed in total but allowed to be re-allocated across
countries in our counter-factuals. This assumes that the growth in investment and government

expenditure are primitives and are not changed by the planner.
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4.3 Identification of Wedges

With the allocations in hand, it is straightforwd to compute the wedges. The static wedge rel-
ative to the base year, &;, is computed directly from the ratio of Cht/Crs to 5;;“ /E;t (see (62) in
Appendix D). Given our measures of C*, 8, and the GDP of each region devoted to consumption,
we have the constraints on the distorted CPF problem (9), which can be rewritted in growth rates
(see problem (P) in Appendix D). By substituting the observed allocation into the first-order con-
ditions of this problem, we can solve for the multiplier Q,, which is the MRT, and hence for the

planner’s dynamic wedge relative to the base year A;.

5 Empirical Results

In this section we present the results of our measurement exercise. As will become clear, the
results differ depending on the frequency of observation. In light of this, we divide each set of
results into long differences — that is, the 20 year trend between the start of our sample and the

end — and annual growth rates (log differences).

5.1 Real Exchange Rates and Marginal Rates of Transformation

Table 1 contains summary statistics of the model generated series and the empirical moments
for consumption and the real exchange rate. The first column is the absolute value of the log
difference between the first and last periods, averaged across the n countries in our sample.?*
The second column is the average standard deviation of annual log changes. The first column
captures the longer run “trend” component and the second column captures the higher frequency
variation.

We begin with a comparison of the observed real exchange rate Q with our planner’s MRT Q.
The real exchange rate is the GDP-weighted average real exchange of each country with respect
to all other countries. The MRT is computed by solving a calibrated planning problem for each
country, as described in the preceding sections. For both the long differences and the annual
changes, the implied MRT is about 2.5 times more stable than the observed real exchange rate.

To get a better sense of the variation across countries contained in our sample, Figure 2 dis-
plays a scatter plot of the MRT against the real exchange rate, where each point represents a
country in our sample. Panel (a) contains the long differences used in column 1 of Table 1 and
panel (b) is the standard deviation of annual log differences. The size of each point reflects their

relative PPP-adjusted GDP in the benchmark year. In panel (a), we see that the distribution of

24Recall that the last period’s value (the benchmark year) is always one, and hence the difference is effectively the
magnitude of the log of the first period value.
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Table 1: Summary Statistics

Mean Absolute Value of Mean Standard Deviation of

Long Difference Annual Change

+ % [ log(xir /i) T 3 std(Alog x;r)
Relative consumption C/C* 0.26 0.03
Real exchange rate Q 0.17 0.06
Marginal rate of transformation Q 0.07 0.02
Private risk-sharing wedge ¢/ 0.59 0.10
Planner’s dynamic wedge A 0.48 0.06
Planner’s static wedge 0.07 0.02

Note: The first column is the absolute value of the log difference between the first and last periods, averaged
across the countries in our sample. The second column is the standard deviation of annual log changes, aver-
aged across countries. Note that C/C* and Q are directly measured in the data, the remaining moments are
inferred using the the model. Moments for the wedges are for gross wedges, i.e., 1+ ¥, 1+ Aand 1 + 4.

long differences for the planner’s implied MRT is much more concentrated than is the case for
the real exchange rate.This is a visualization of the fact reported in Table 1 that the mean absolute
change for the real exchange rate is 2.5 times that of the MRT.

In panel (b), we see the different behavior at annual frequencies. As reported in Table 1, the
standard deviation of the real exchange rate in annual changes is also roughly 2.5 times that of
the MRT. However, Figure 2 indicates that there is significant dispersion in the relative volatil-
ities across countries. Viewed through the model, this suggests that at both 20-year and an-
nual frequencies, the observed real exchange rate has significant volatility unrelated to the social
marginal rate of transformation between Home and Foreign consumption composites. The stan-
dard deviation of Q at annual frequencies is on the order of 2.5 percent, which is in line with
the volatility of many macroeconomic aggregates, in contrast to a 6 percent volatility of the real

exchange rate.

5.2 Risk Sharing Wedges

The lower volatility of Q compared to Q begs the question of whether the MRT is less “discon-
nected” from relative consumption. Recall that A is a measure of the wedge between relative
consumptions and the MRT (compared to the benchmark year), while ¢ is the wedge between
relative consumptions and the observed real exchange rate. From Table 1, we see that on average
the initial 1 + A is roughly 48 log points different from the benchmark year (which is normal-
ized to 1), while the gap in 1 + ¢ is approximately 10 log points greater than this. This indicates a
modest improvement in the measured risk sharing wedge when the real exchange rate is replaced

with the MRT. We shall map this into a welfare measure below.
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(a) Long Differences (b) Annual Differences
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Figure 2: Real Exchange Rates and Marginal Rates of Transformation

Note: Both panels depict a scatter plot in which each circle represents a country with the size corresponding
to the PPP-adjusted GDP. Panel (a) plots the log difference between the last and first years of the sample for
Q (vertical axis) against the log difference for the real exchange rate (horizontal axis). Panel (b) plots the

standard deviation over the sample period for the log annual change in Q against the same moment for Q. The
real exchange rate is the GDP-weighted exchange rate across the other countries in the sample.

Note that the magnitudes of the long differences are quite big. The first row of the table
indicates that the average difference in the (cumulative) growth in consumption between each
country and the rest of the world is roughly 26 log points. Multiplying by ¢ = 2 to obtain the
marginal rate of substitution gives a difference of 52 log points. The change in the MRT is an or-
der of magnitude smaller (7 log points). That is, the long-run differences in consumption growth
are much larger than the change in the relative cost of the two consumption composites. Cor-
respondingly, a planner would like to substantially reallocate consumption across countries at
longer horizons. Put another way, we do not see significant risk sharing of the long-run growth
differences whether we use MRT or the real exchange rate as our measure of relative costs. This
is consistent with the model of Aguiar and Gopinath (2007).

However, the story is markedly different at higher frequencies. In particular, Column 2 of
Table 1 indicates that the difference between A and ¢ at annual frequencies is much more pro-
nounced. The average standard deviation of Aln(1 + ¢) is almost double that of Aln(1 + A). This
is also reflected in the “excess” volatility of the real exchange rate at higher frequencies relative
to MRT.

Figure 3 depicts the scatter plots of long-run differences in A and ¥ in panel (a), and the
distribution of the standard deviations of annual log changes in panel (b). As with the summary
statistics, long changes in A and ¢ line up well, while the high frequency differences in their

behavior are substantial.
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(a) Long Differences (b) Annual Differences
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Figure 3: Risk Sharing Wedges

Note: Both panels depict a scatter plot in which each circle represents a country observation, the size of which
corresponds to relative PPP-adjusted GDP. Panel (a) plots the log difference between the last and first years
of the sample for the planner’s dynamic wedge 1 + A (vertical axis) against the log difference for the financial
wedge 1 + ¢/ (horizontal axis). Panel (b) plots the standard deviation over the sample period for the log annual
change in 1 + A against the same moment for 1 + ¢.

The main difference between our approach to risk sharing and the traditional approach is
visualized in Figure 4. In this figure, we depict the correlation of the respective notions of the
exchange rate changes, Alog Q and A log Q, respectively, with the difference in log consumption
growth between Home and ROW. Panel (a) is the histogram of correlations, depicting the re-
spective distributions across countries. We see that the risk sharing condition holds much better
with the planner’s MRT than with the observed real exchange rate, at least at annual frequencies.
Panel (b) is a scatter plot, with each point again representing a country, showing that the cor-
relation with the planner’s MRT is almost uniformly higher than the Backus-Smith correlation.
Across our sample of countries, the average correlation of relative annual consumption growth
with the log change in MRT is 0.56, while the correlation with the observed real exchange rate
1s —0.14.

5.3 The Static Wedge

Table 1 further indicates that on average the static wedge ¢ is relatively stable, both at high
frequencies and in long differences. Note that this is distinct from the level of the static wedge
being small. Differently from the dynamic wedge, for which we can only compute changes, we

can compute the level of the static wedge in the benchmark year using our calibrated parameters
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Figure 4: Consumption Differences and the Real Exchange Rate

Note: Panel (a) is a histogram of correlations in the cross section of countries. The blue (left-most) bars represent
the distribution of the correlation between annual log change in the real exchange rate and the differential
growth in consumption between each country and the rest of the world; the red (right-most) bars plot the
same for the log changes in the planner’s marginal rate of transformation. Panel (b) is a scatter plot of the
same data, with the vertical axis representing the correlation of relative consumption growth with the log
change in the planner’s MRT and the horizontal axis the correlation between differential consumption growth
and the log change in the real exchange rate, with each dot representing a country.

(see Appendix D.4 for details).”> The wedge is a simple function of the expenditure shares on
imports in absorption (y and y*) and the share of output exported to the other country (& and a*),
all of which are calibrated in the baseline year. Computed this way, the level of the mean baseline
static wedge is 4.1 across the sample of countries, with a standard deviation of 3.3, reflecting
excess home bias relative to the first-best. Table 1 indicates that while the level of the static

wedge may be significant, it is relatively stable over time.?

5.4 Time Path of Wedges

Figure 4 speaks to the fact that the efficiency of international risk sharing at annual frequencies
becomes more noticeable in the data once we compute the planner’s marginal rate of transfor-
mation. To show this more directly, Figure 5 depicts the path of the three wedges — A, ¢, and § —
for a selection of countries. Panel (a) is in levels and panel (b) is in annual log changes.

Three facts about wedges stand out from the figure. First, as noted above, the static wedge §

2We allow for constant trade costs, which represent real resource costs and are not planning problem wedges.
Hence the baseline static wedge is independent of the presence of trade costs. See Appendix D.4 for the derivation.

26While useful for reference, keep in mind that we do not use the baseline static wedge in any of our results, as
we can compute the change in the wedge without knowing its level.
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Figure 5: Time Series of Wedges

Note: Each frame represents a time series within a country. The solid blue line corresponds to the private risk-
sharing wedge /; the dashed red line corresponds to the planner’s dynamic wedge A; and the yellow line with
the diamonds corresponds to the static wedge 8. Panel (a) is in log levels and panel (b) is annual log changes.
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is surprisingly stable over time for most countries. This is despite large deviations from efficient
allocation in the base year (i.e., the benchmark year § is not equal to zero). Second, the planner’s
dynamic wedge A is mostly determined by relative consumption at lower frequencies and, there-
fore, has a clear trend in most countries. This trend is also usually in line with the low-frequency
dynamics of the private risk-sharing (Backus-Smith) wedge 1/, and suggests poor risk sharing of
permanent productivity shocks. Finally, at higher frequencies, the planner’s dynamic wedge is
much less volatile than the Backus-Smith wedge. This can be clearly seen in panel (b) of Figure 3
that depicts the volatilities of the log changes in the two wedges and shows their almost uni-
form ranking. These observations suggests a much more efficient risk sharing at business cycle

frequencies.

5.5 Welfare Implications

With these results in hand, we can do the welfare calculations implied by the wedges. For the
planner’s counter-factual, we solve a Pareto problem that holds Foreign utility constant while
maximizing Home’s utility. This will involve inter-temporal reallocation of consumption between
Home and Foreign such that the resulting dynamic wedge is zero in all periods.

For the financial wedge, we compute the partial equilibrium gains for an individual Home
agent that can share risk with an individual Foreign agent. The partial equilibrium nature of the
exercise is reflected in the fact that we assume the path of the observed real exchange rate is
unchanged by these trades. The gains can be computed using the approach outlined in Section 2.

We can also compute the welfare gain from eliminating the higher frequency volatility in the
two wedges. To do this, for each wedge and each country we assume the counter-factual “tax” on
the inter-temporal reallocation of consumption decays at a constant geometric rate (i.e., declines

7 While the welfare gain

log-linearly in time), eliminating the higher frequency fluctuations.
must be positive for eliminating the wedge at all frequencies, it is not necessarily the case for
only eliminating the high frequency variation.

Table 2 reports the implied welfare gains for Home across our sample of countries. The first
column computes the welfare gains from eliminating the respective wedges completely and the
second column assumes the counter-factual wedge moves log-linearly with time. The top panel
is the planner’s dynamic wedge A and the bottom panel is the partial equilibrium gain from elim-
inating the financial friction i on private trades.

Throughout the distribution, the implied welfare gains are typically larger when measured
with respect to i than for A. That is, private agents perceive a larger potential gain to undistorted

inter-temporal trades than does the planner. This reflects that the private agents do not internalize

27Specifically, the counter factual planner’s wedge is A’ = (1 + A;)!" 7= — 1, given that A7 = 0, and similarly for .
The counter-factual wedges equal the original wedges at ¢t = 1 and ¢ = T, but decline log-linearly in-between.
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Table 2: Welfare Implications

Zero Wedge Linear Trend

Planner’s dynamic wedge, A

Mean 1.88 0.69
10th percentile 0.15 —-0.01
50th percentile 1.13 0.31
90th percentile 4.66 1.98

Private risk-sharing wedge, i/

Mean 2.23 1.08
10th percentile 0.28 0.09
50th percentile 1.44 0.73
90th percentile 5.02 2.58

Note: Counterfactuals welfare gains at Home, holding Foreign welfare constant. All numbers represent the
welfare-equivalent percentage gain in permanent consumption. The top panel concerns removing the plan-
ner’s dynamic wedge and the bottom panel concerns the private risk-sharing (Backus-Smith) wedge. The
column denoted “Zero Wedge” removes the respective wedge, while the column denoted “Linear Trend”
removes fluctuations around a log-linear time trend. Each panel reports the welfare gain at different per-
centiles of the distribution of countries.

that some of these perceived gains embedded in ¢ are offset by the distorted goods market prices
reflected in relative markups i and pp. Moreover, and as expected from the preceding results, the
welfare difference between the two wedges is much more pronounced at higher frequencies. This
is consistent with the results presented above that show better risk sharing at annual frequencies
when using the MRT instead of the real exchange rate as the relative cost of consumption.

In Figure 6, we plot the welfare gains for a selection of countries. Panel (a) considers the case
of shutting down all volatility in A or ¢/. Panel (b) shows welfare gains from shutting down the
cyclical component of each wedge, while maintaining a linear trend in the wedge. Consistent
with Table 2, for most countries the welfare gain is larger from the private perspective than the
planning perspective, particularly for shutting down the higher frequency variation.

The gains from eliminating the planner’s risk-sharing wedge A are modest, but non-trivial. For
a median country, eliminating high-frequency fluctuations in A are equivalent to a 0.3% increase
in real consumption; for context, this is almost an order of magnitude larger than the Lucas
(1987) gains from eliminating the business cycle. Eliminating the entire wedge A has a more
substantial effect, equivalent to a 1.1% increase in real consumption for a median country (see
Table 2). Figure 6 depicts two outlier countries which much larger gains — China and Russia. The
reason is that these countries experience unusual growth trajectories in our sample relative to
the rest of the world, and with limited international risk sharing their consumption tracks closely

their output.
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Figure 6: Welfare Gains for a Selection of Countries

Note: Welfare gains from counterfactual exercises for selected countries. Vertical axes refer to the welfare-
equivalent percentage gain in permanent consumption. Panel (a) reports gains from completely removing the
private risk-sharing (Backus-Smith) wedge i (left-most, blue bars) and the planner’s dynamic wedge A (right-
most, red bars). Panel (b) repeats the exercise when removing deviations from a log-linear trend in each wedge.

5.6 Decentralization

In this subsection, we explore how the superior risk sharing — evident from the less volatile plan-
ner’s wedge A relative to the Backus-Smith wedge 1/ — is achieved in a decentralized equilibrium.
As described in Section 3, we can use the allocations and the household’s first-order conditions
to compute implicit prices faced by consumers in Home and Foreign. As also discussed in Sec-
tion 3, the covariance of the implied cross-border markups (ug, ) with the financial wedge v/
determines the variation in the planner’s dynamic wedge A.

In Table 3 we report summary statistics of the implied prices and cross-border markups. The
first block of three columns is for log levels relative to the baseline and the second block is for
annual first differences. For each block, the first column reports standard deviations computed
for each country and then averaged across our sample of countries. The second and third columns
are the (average) correlation with the real exchange rate Q and the private risk-sharing wedge 1/,
respectively.

The first two rows are the implied relative prices faced locally by Home and Foreign con-
sumers, respectively. The variation in these relative prices is quite modest, and the prices are
largely uncorrelated with the exchange rate and the risk-sharing wedge. The third and fourth
columns are the deviations from the Law of One Price for the Home and Foreign goods, respec-

tively. These deviations are quite volatile and almost perfectly correlated with the real exchange

38



Table 3: Implied Prices

Levels Differences
StD Corr Q@ Corry StD  Corr @ Corr ¢
Pp/Py 0.02 -0.11 0.10 0.01 0.07 -0.15
P;/P;I 0.04 -0.12 0.14 0.03 0.06 -0.14
1+pg = SP;I/PH 0.12 0.90 -0.59 0.07 0.89 -0.66
1+ pr = SPE/PF 0.11 0.99 -0.61 0.06 0.99 -0.73
1+6=0+pg)/(1+pp) 003 -0.03 0.11 0.02  -0.05 0.13

Note: This table reports moments of implied relative prices. Prices are constructed from the underlying alloca-
tions using the procedure outlined in the text. The first three columns report moments using log levels relative
to the baseline year and the last three columns using annual log differences. “StD” reports the standard devi-
ation; “Corr Q” reports the correlation with the real exchange rate; and “Corr ¢” reports the correlation with
the private risk-sharing (“Backus-Smith”) wedge. The first two rows report the ratio of the Foreign good price
to Home good price in Home and Foreign (ROW) markets, respectively. The third and fourth rows report the
deviation from the law of one price for Home and Foreign goods, respectively. The final row is the ratio of the
LOP deviations, which equals the planner’s static wedge 1 + 4.

rate.?® They are also negatively correlated with the risk-sharing wedge, although less than per-
fectly. The final row is the relative LOP deviation, which from Proposition 3 is equivalent to the
planner’s static wedge. This wedge is not only relatively stable but also uncorrelated with Q or .

In Figure 7, we plot the model implied relative prices faced by consumers in the two regions,
Pp/Py and P,/ P}, as well as the deviation from the law of one price for the Home good, &P}, /Py,
and the real exchange rate Q for a selection of countries. The relative prices faced by consumers
in the respective regions are notably more stable over time than the real exchange rate and the
deviation from the law of one price. In fact, LOP deviations track the exchange rate quite closely.

The main takeaway from the table and figures is that the lion’s share of variation in the real
exchange rate — and its key proximate wedge, the financial shock i — is absorbed by LOP devi-
ations, that is, by the cross-border markups. The consumers in each country are largely shielded
from these fluctuations and face stable relative prices. Consequently, the decentralization implies
that relative markups across borders are moving to offset volatility in the exchange rate. To the
extent that fluctuations in Q are driven by something other than the true relative costs, it is con-
sistent with allocational efficiency that these shocks are not reflected in domestic relative prices,

but rather absorbed in LOP deviations.?’

28Note that these results are based entirely on the real quantity data and the inversion of the calibrated model.
Nonetheless, they are consistent with the empirical evidence measuring LOP deviations directly from the price data
(see, e.g., Gopinath et al., 2011; Fitzgerald and Haller, 2013).

2Keep in mind that the LOP deviations imply changes in profits for exporters and importers, and our
representative-agent model implicitly assumes that these profits or losses are rebated lump-sum to consumers. Simi-
larly, the financial wedge ¢ potentially implies profits from intermediation of cross-border asset trades. See Section 3
for details of the decentralization. Fixed costs of entry into exporting and moderate Sharpe ratios of carry trades can
rationalize the existence of such profits in equilibrium.
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Figure 7: Implied Prices

Note: Each frame displays model-implied time series for relative prices for a given country and its respective
ROW. The solid blue line corresponds to the deviation from the law of one price for the Home good; the solid
red and yellow lines depict the ratio of the Foreign to Home good prices at Home and in Foreign (ROW). The
dashed black line is the observed real exchange rate. All series are normalized to one in the baseline year (2019).

This is broadly consistent with the LCP pricing protocol. The main distinction is that LCP
generates 6 = 0 in all periods, while our measurement indicates that ¢ is relatively stable over
time at a non-zero level. From Proposition 5(b) and Corollary 2, we have that LCP implies that
A is relatively stable if the LOP deviations py and pr are negatively correlated with 1. Table 3
suggests this is substantially true in the data, and provides an intuition based on decentralized
pricing behavior about why the planner’s dynamic wedge A is less volatile than the private risk-

sharing wedge 1.

6 Conclusion

In this paper we proposed an alternative measure of the relative costs of consumption across
regions. To do so, we considered a planner optimally allocating output toward consumption
in two regions over time. A key construct is the planner’s marginal rate of transformation be-

tween Home and Foreign consumption composites, which represents a shadow real exchange
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rate. This shadow exchange rate is an alternative to the observed real exchange in testing the
well known Backus-Smith condition for optimal risk sharing. We show that risk-sharing distor-
tions are significantly smaller at annual frequencies when the planner’s relative costs are used to
price relative consumption. However, at longer horizons, there are still large unexploited gains
from inter-temporal trade.

We also show how the observed allocation is decentralized. The primary distortion in the
decentralized equilibrium is a financial shock to the real exchange rate that is not reflected in
macroeconomic aggregates. Rather, this shock is offset by movements in the relative markups
implied by the deviations from the law of one price. In particular, consumers in each region face
stable implied prices while the price of the same good sold in two different locations inherits
the volatility of the exchange rate. This pattern is broadly consistent with pricing to market and
local-currency price setting. The net result of the empirical exercise is that observed consump-
tion allocations are much closer to efficient at annual frequencies than would be inferred using

observed movements in exchange rates.
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Appendix

A Proofs

A.1 Proofs for Section 2

We first characterize the solution to the distorted Consumer Possibilty Frontier, Problem (9), which nests
the undistorted frontier by setting & = 0. Letting {v, v*, Q, n} denote the multipliers on the constraints, we

write the Lagrangian for the problem as:
Z ={C(Cu,CP + v (Y = Cur = Cy) +v* (Y = Cr = ) (31)

N .
e RO R R

CF

by Assumption 1. To avoid a singleton constraint set, we can rewrite equation (8) as an inequality such

where

that the planner is constrained from lowering Cy/Cp if it is distorted above its efficient level (§ > 0). In
this case, n > 0 in the above Lagrangian. The reverse case of § < 0 is handled in a similar way, with the

multiplier < 0. The first-order conditions are

dC/dCy =v—n/CF (32a)
dC/dCF = v* + nC/C% (32b)
QaC*/aC}, = v+ n(1+ 8)°T™Y/C (32¢)
QaC*/aCs = v* — (1 + 8)°T7'CL,/CE2. (32d)

If § = 0, then there is no static wedge and we can drop the final constraint in (31) by setting = 0. In the
é = 0 case, the ratio of (32a) to (32b) and similarly with (32c) and (32d) implies:

1—)/CF -

V*

y Cu (V)—9 L 0 S © R

y Ch Cr C

which yields equation (7) in the text.
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A.1.1 Proof of Proposition 1
Proof. Part (i): The premise is {Cg, Cr, Cj;, Cf.}, which solves (32a)-(32d) with = 0. The ratio of (32b) to (32d)

yields with some rearranging:

a° - ( Y )(C_;) C(Cn,CF)
=( Y ) C(Ch/Cr, 1) =( y ) C(Cy/Cr, 1)
1-y*) C*(Cy/Cp 1) \1-y*) C*(TCx/CF, 1)’

where the last equality uses the static efficiency condition (7). Note that this relationship is independent of Y and
Y*. Taking the derivative of the log of the right-hand side with respect to x = Cy/Cr yields a derivative that is
strictly positive if I' < 1. As Cy/Cr = T'C};/C}, at an efficient allocation, Qs strictly increasing in that ratio, as
well.

Part (ii): Let Cy/C; be the reference ratio of C/C*. Where this ray intersects the original CPF, denote the slope of
the CPF as —Q. Suppose Y/Y* increases, generating a new CPF. We first characterize the ratio C;/C} at which

the new CPF has slope —Q,. Take the ratio of the resource conditions:

Y Cu+Cp _CH(1+c;I/cH)_cH( 1+C},/Cu )
- & ,

Y* Cp+Cp  Cp\1+Ci/Cr 1+T-1C;,/Cl

where the last equality uses (33). As T < 1, the last term in parentheses is strictly increasing in Cy/Cy;. From
Part (i), if Q = éo is constant, then so is Cy/CF (for any Y/Y™). Hence, an increase in Y/Y* for a given éo is
associated with an increase in Cy/Cy,, which from static efficiency also implies an increase in Cr/ CI*:, and hence
implies an increase in C/C*. Thus, an increase in Y/Y* implies there is a ray C;/C; > C,y/Cy at which the slope
of the new CPF is —Qy. Given concavity of the CPF (i.e., the magnitude of the slope, Q. is decreasing in C/C*),
that implies that at the original Cy/C;, the slope of the new CPF is larger in absolute value. O

A.1.2 Proof of Lemma 1
Proof. In the Cole-Obstfeld case, we have

C(Cy,Cr) = ;' CY,
C'(Cip.Cp) = CiY i
U() = log(-)

Let {Cy, CF, CI*LI, CJ*,} solve Problem (9) with associated Q, C*,and C = C(C*;Y,Y", ). By definition (12), we have

C 1
1+A= —
wC* Q
Define c
C %
ﬁEU_H=(1+5)r71_H’7,
rC C; C

where the second equality is the static wedge constraint. Using the fact that Qcr=C /(w(1 + A)), we can rewrite
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equations (32a)-(32b) more compactly as

1-y=vCy/C—17 (34a)

Yy =v'Cp/C+1 (34b)
Yo "

TN vCL/C+ 1 (34c)
L-y" .

o) V'CR/C —1. (34d)

We first establish that 7 is a function only of § and A. To do so, move 7 to the left-hand side of the above and take

the ratios of the first two and second two conditions, respectively:

l-y+n vCy
Yy—n v* Cr
y'—iqod+d)  vCy v TICy

1-y* +fiol+d)  v-C:i v Cp(1+6)°
The terms on the right are well defined and strictly positive. This restricts 7 € (,7), where

%

_ Y . Y
Q_max{y 1’@(1+A)} andn_mln{y,w(lJrA)}.

Rearranging and equating the above first-order conditions, we have:

R RN E)

— v+ ie(+ ) Y =1
The left-hand side is strictly decreasing in 7 and the right-hand side is strictly increasing. For § > 0, at 77 = 0, the
left-hand side is weakly greater than the right, and equal if § = 0. There is a unique solution for 7; € [0, 7). For
d < 0, there is a unique solution for 7j € (1, 0). Let us define H(4, §) as the mapping between the wedges and 7.
Differentiating and imposing the relevant bounds on parameters yields:

oH

. |JoH .
%5 >0 and sign {5} = —sign{d}.

We now turn to the main proposition. Summing (34a) and (34c) and imposing the resource constraint yields:

*

4
1- =vY/C.
rroaen Y
Similarly, adding (34b) and (34d) yields
1-y" .
—— =v'Y"/C.
v VY

We can use these to eliminate v/C and v*/C from (34a) and (34b), respectively, to obtain:

. 1-y+n)Y
Cy=Q-y+n)C/v= Y—Z*
L=y+ oo
~ % (Y_ ﬁ)Y*
Cr=(—-nC/v' = I
Y oaen
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Using the Cobb-Douglas aggregator, we obtain
C=Cp;rCh =g oY VY,

where .
1—y+H(A,5)) ! (y—H(A,&))Y .

7
L=Y+ oo

9(1,8) = ( =%
Y omn

Differentiating and imposing the bounds on parameters, we have

—=>0 and sign {%} = —sign{5}.

We follow the same steps with conditions (34c) and (32d) to obtain

| i
= Mot + M=t = (R

=y =y el )Y
CF‘(w(M)”)C/V T e 1oy

This yields
C =ClClT =g oY Y,

where

(v' = HA, 9)(w(1 + 1)) )Y* ((1 v+ HQ, 8)o(1 + A»)I‘Y* .

(1 =y)@+ Q) +y* yo(l+A)+1—y*

Differentiating and imposing the bounds on parameters, we have :

g9'(4,6) = (

*

99
oA

a *
<0 and sign{ 895 } = —sign{d}.

Using these expressions and the definition of A, we have

- C y\'rr 1 g(Ao)
= —_—= — h h(A, 6) = .
Q= Gonrn A9 (Y) o where  h(40) = T o)
O
A.2 Proofs for Section 3.2
A.2.1 Proof of Proposition 3
Proof. By the definitions in equation (21),
P_H:%1+/lF - Cr _ 1+upr(1—y1—)’*)%’ (35)
Pp Pol+pg Cr 1+pun Y Y Cr

where the right-hand side expression is obtained using (16) and (19). Comparing this expression with (8), we
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have the first result. For the second result, divide the definitions in (12) and (22) to obtain

U’'(C*)
1+4 _oUr0Q @

D) 3
L+ lﬁ oU'(C)Q :

The result follows from our assumed normalization v = @. O

A.2.2 Proof of Proposition 4 and Corollary 1

Proof. From Proposition 3, when puy = up = p1, we have § = 0. From the proof of Proposition 1, we have

1
e 6-1

Q-= [( Y ) C(CH/CF’I)]H _ (1—1) (Pp/Pa)0 4y |7
1oy GGl pr (o) ey

H
where the second line uses the household’s first-order conditions (16) and (19). When ur = ppy, we have Py /Pr =

Py, /Py This implies that the above is equivalent to

=Q/(1+p),

a- ( ¢! —)/)Jr)’(PF/PH)Ife)H1 _a PH*
v+ (1-y") (Py/Py) &Py

where the middle equality follows from definition of Q in (18) and the last equality is by the definition of 1+ p =
1 + pg. This proves the second equality in equation (23). The first equality is Proposition 3 Part (ii).

Part (a) of Corollary 1 follows by substitution g = 0 in the above to obtain Q = Q, and then using this fact in
Part (ii) of Proposition 3. Part (b) follows by setting ¢/ = 0 in equation (23). Part (c) is a direct implication of
equation (23). O

A.3 Proofs for Section 3.3

The proofs in this subsection use the equilibrium conditions discussed in Appendix B. For convenience,

the key equilibrium conditions are:

1. Nominal expenditure M and M"* is controlled by monetary authority at Home and in Foreign, re-

spectively, based on (43) and its counterpart in Foreign, which we assume holds with equality:

PC=M and P*C* = M*.

2. Market clearing and household optimality imply (equation (46)):
-0 %\ —0
PH * PH *
Y=01-p|—=]| C == C
-0 -0
P P
Y* =y(?F) C+(1—y*)(—F) o

with price indexes P = P(Py, Pr) and P* = P*(P};, P;) defined in Section 3.
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3. The private risk-sharing (Backus-Smith) condition (22) combined with (43) and the definition of the

real exchange rate in (18) is (equation (47)):

P M(C\h 1 M\? (P*\7!
_@(1+¢)ﬁ(5) _@(1+¢)(ﬁ) (?) '

4. Price setting:

(a) Under PCP: Py and P}, are set prior to the period and P}, = Py/& and Pp = Pr&;
(b) Under LCP: All local-currency prices (Pg, Pj;, Pr, P) are pre-set; and

(c) Under PTM: Prices are flexible and set according to (48).

A.3.1 Proof of Proposition 5

Proof. Part (a): Under PCP, by definition Py = EP;; and Pr = EPy and Py and Py, are set ex ante. From (21), we
immediately have py = pp = 0. From Proposition (4), this implies § = 0, Q=Qand-= . From the definition of
Q in equation (18), and using the fact that PCP implies &P}, = Py,we have

1-0\ 1/(1-0)
Q

- (1-6)
(v 0=y () )” o (y* + (=) (EP3/Pn) -

(1—y) +y (Pe/Py)' " (1-y) +y (EP:/Pu)" " ’

where the second equality imposes Py = &P}, and Pr = EPy,. Under PCP, Py and Py, are fixed ex ante, and hence
this relates the realized Q to the realized E. A useful property of this mapping is that @ > 0 at & = 0 and

& dQ

5% € (0, 1)

From the definition of ¢/ in (22), we have

i5) “ao|

0oL (¢). 1 1 (mMay
_@(1+¢)(C) _@(1+¢)(M*P o1+ 1) )

M+ &
where the second equality uses M = PC and M* = P*C* and the final equality uses Q = EP*/P. Rearranging, we

have

M\™% o

) Eo1, (37)
Equations (36) and (37) are two equations to determine {@Q, &} given M/M* and 1. Recall that (36) is positively
sloped with an elasticity between zero and one and has a positive intercept at & = 0. We now consider three

cases for the size of o > 0 to establish existence, uniqueness, and comparative statics:

(i) Suppose o € (0,1): Then (37) is negatively sloped with @ — 0 as & — 0 and Q — 0 as & — co. Hence,
there is a unique solution. Moreover, an increase in M/M* or a decrease in i/ increases Q in (37) for each

&. This implies that both Q and & are increasing in M/M"* and decreasing in i;

(ii) Suppose o = 1: Then & is pinned down by (25) and (36) determines Q. From (25), & is increasing in M/M*

and decreasing in . From (36), Q inherits these comparative statics.
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(iii) Suppose o > 1: Then (37) lies below (36) at & = 0, but has an elasticity strictly greater than one, which is
greater than that of (37). This also implies a unique solution to the two equations. Moreover, an increase in
M/M* or a decrease in ¢ implies an increase in & in (37) for a given Q. Together with (36), this implies that

Q is increasing in M/M* and decreasing in .
This completes the proof of Part (a).
Part (b): Under LCP, all prices are set before the period such that Py = EP}; and Pr = EP}. for some constant &.
This implies that P and P* are also pre-set and Q o« & within a period. From (21), the price-setting protocol also

implies that = pp = g = &/& — 1 and from Proposition 4 we have § = 0 and Q = (1 + ,u)é Using the definition
(18), the fact that Q = (1 + y)é also implies

G- Q _(ra-y) (PP
et

1-9 1/(1-0)
(1—y)+y (Pe/Py)'° )

As Pp/Py = P/ Py, are set ex ante, this implies that Q does not vary within the period and Q is proportional to
1 + p. Equation (37) holds for any pricing protocol, which implies

Q=(@(1+¢))‘1(A]§I{) (%) . (38)

As Q o &, this implies that Q o (1 + 1)~}(M/M*)°. Finally, Q = (1 + ,u)é plus Proposition 4 implies 1 + A =
Q+p1+y)=QQ1A+1y)/ Q, where the latter follows from Q = (1 + y)é. As Q does not vary within the period,
1+ Ao Q(1+¢) o« (M/M¥)?, where the final term follows from (38).

Part (c): The statement that ug = pp = 1 = Q? — 1 follows from (49). The fact that § = 0 follows from g = pr
and Proposition 3. Proposition 4 gives Q=-Q/1+ 1) = Q'~%, where the last equality uses y = Q? — 1. This plus
Proposition 4 gives 1 + A = (1 + 1//)Q/é = (1 + ¢)Q?. Finally, note that by (18), 1 + 1 = EP;, /Py = Q?, and letting
S = Pp/Py = P;/P};, we have

Qi _ (Y HA=yISTNTT P8
1-y+ySt-? P(1,8)’

(39)

where the second equality uses the definitions of £* and P as the CES ideal price indices for Home and Foreign,
respectively. From (46), we have
Y  (1-pPLS)P’E +yPr(1,S)

Y , 40
V' yPSL1)0E + (1 - y)PH(SL 1) (40)

where we have used Py /P = 1/P(1,8), Pr/P = 1/P(871,1) and similarly for Py /P* = 1/P*(1,8) and P./P" =

P*(S~1,1). Note that
P (1LS) SPYSL1)  P(SL1)
P1,S) SPS-L,1)  PSL1)

where the first two equalities use the constant-returns-to-scale feature of the price aggregators and the last

-Q',

equality follows from (39). Differentiating this expression, we have

dlogS = %dlog@, (41)
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where
1-y-y)s?

A=
[1-y+yS"O[y* + (1 -y)S'9]

€ (0,1).

Moreover, from (22), we have

S =@ p)F Qs

Substituting in these expressions into (40) and rearranging, we have

Y _ (- (@) Q50T 1y
Y+ V(O + )5 Q610 L1 _ s

(42)
where we have used P(1,S) = SP(S7, 1). Differentiating, we obtain
dlog(Y/Y") = 6dlogS — B [(9(1 _4)— é) dlogQ — (—lfdlog(l 1)
= (01 — ¢)(A™! = B) + B/o)dlog Q + (B/o)d log(1 + 1)),

where the second equality uses (41) and B € (0, 1) is:

(1= y =)@ (a1 + )
(=) +y @977 [(1+ 9)] 7/ Iy + (1= y)QU—D a1+ )] /7 |

B

As A € (0,1), B € (0,1) and ¢ € [0,1), the term multiplying dlogQ is strictly positive. Hence, Q is strictly

increasing in Y/Y* and decreasing in . O
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B Monetary Equilibrium

In this appendix, we introduce a monetary economy with endogenous production. This augments Section

3.3 in the text.

B.1 Households

Flow utility for the Home representative agent becomes U(C) —v(n), where n represents hours worked and
v represents (dis)utility over labor. In the monetary model, households trade in the asset market at the
start of the period, and then use cash in the latter half for transactions. This follows the timing of Lucas
(1982) and Kehoe and Midrigan (2008). Specifically, after trading in the asset market at time ¢ in history s?,

the Home representative agent has the following budget constraint:

Mt(st) + Z At+1(3t+1|3t)Bt+1(st+l) =

St+1

Rey (8" Woma (8" ey (s571) + By(s™) + [My—i(s"7Y) = Pyoa (8" 1)Croa (") + To(s) + TL(sY),

where the left-hand side consists of purchases in the period t asset markets — namely, cash plus next-
period’s state-contingent assets — and the right-hand side is the cash brought into the period (last-period’s
wages and unspent cash) plus transfers and dividends. Ayi1(sr41]s’) = Ape1((s241, 57))/As(s?) are the one-
period Arrow prices and R(s*) = 1/3,., Ar+1(se+1ls:) is the period ¢ interest rate. Following Kehoe and
Midrigan (2008), we assume that worker’s receive the previous period’s wages with interest, financed by
implicit government transfers. The transfers also include any cash injections or reductions made by the
government.

The cash-in-advanced constraint is
Py(s")Cr(s") < Mi(s"). (43)
We assume this binds at every history. We can then write the household’s period-0 constraint as:

w2 >3 > A (Prls")Ci(s") = Wa(s nu(s"))

where w contains the period-0 value of transfers, dividends, and any cash held at the start of time. This is
equivalent to the constraint in (15) with labor income replacing the endowment. The first-order conditions
(16) and (17) continue to characterize the household’s optimal choices. The Foreign household’s problem
is symmetric.

Our methodology can remain agnostic about how labor markets clear. If wages are flexible, households

choose n;(s’) and nj(s’) given wages. Due to the fact that wages are paid with interest, this yields an
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undistorted static labor-consumption tradeoff in each region:
U (Ce(sNWe(s)/Pe(s") = 0" (ne(s")) and U"(C; (s NW (s")/P; (s") = o' (n (s"))-

Alternatively, we can assume that households are not on their labor supply curves and take labor income

as beyond their control. In what follows, we consider the case of flexible wages for concreteness.

B.2 Technology

Production occurs according to

Yi(s") = Zu(s")ns(s")
Y7 (s") = Z}(s"ni(s"),

where Z and Z* represent labor-productivity shocks. Under flexible prices and wages, cost minimization

implies for interior labor demand that
Pr1(s")Zi(s") = We(s") and Py ,(s)Z; (s") = W/ (s"). (44)

If output is demand determined, then n,(s) and n}(s*) are such that production equals demand.

B.3 Asset Markets

As noted in the text, there are many alternative (and for our purposes equivalent) interpretations of the
Backus-Smith wedges, {1/;(s’)}, which we take as primitives. For concreteness, suppose that a Home resi-
dent must pay (1 + ¥;(s"))E;(s") units of Home currency to purchase a unit of Foreign currency, while the
Foreign resident receives only &,(s’). The amount ¢;(s")E,(s") is either profit to financial intermediaries or
a tax payment. In either case, it is rebated back to the households and the present value of these transfers
and/or dividends are part of the initial wealth positions w and w*.

Recall that Foreign resident’s can purchase a claim to a unit of foreign currency delivered in history
s’ at a period-zero price in foreign currency of Aj(s"), which is equivalent to a period-zero price in Home
currency of Ey(so)A;(s’). A Home resident is willing to pay (1+y;(s"))E(s")As(s") in period-0 units of Home
currency for a claim on a unit of Foreign currency in history s’. Allowing the residents’ to trade in period

zero such claims on currency in t, s’, arbitrage implies

Eo(s0)A;(s") = (1 + Pe(s)Ee(s)AL(s"), (45)

which is the definition in equation (22).
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B.4 Pricing

To close the model, we need to state how prices are set. As noted in the text, for our purposes we do not
model how prices are set beyond the constraints of the respective pricing protocol. That is, we remain
agnostic about the market structure of the goods market and the desired level of markups. We proceed by

discussing our three pricing protocols.

Producer Currency Pricing (PCP) Under PCP, we take the sequence of domestic prices as primi-
tives {Ppr,+(s*), Py (s')}. Given these prices and the sequence of exchange rates, export prices are Py, (s*) =
Pr,(s")/E(s") and P, = E(s")Py,(s"). We define a PCP equilibrium as follows:

Definition 1. Given technology {Z(s*),Z;(s")}, monetary policies {M;(s*), M;(s")}, asset mar-
ket taxes/wedges {i;(s')}, domestic price sequences {Pp (s"), P;,t(st)}, and initial assets w and
w*, a PCP equilibrium consists of allocations {C,¢(s"), Cr,(s"), Cf; ,(s"), Cy, ,(s")} with associated ag-
gregates {Cy(s"), C;(s")}, labor {n,(s"),nj(s")}, nominal exchange rates {E,(s")}, nominal wages

{Wi(s"), W;(s")}, and Arrow-Debreu prices {A(s"), Aj(s*)} such that:
(i) Households in each region optimize;
(ii) Goods markets clear;

(iii) Asset prices are consistent with {i;(s")} (equation (45));

(iv) Nominal expenditure equals the money supply (“cash-in-advance”): My(s*) = Py(s")Ci(s') and
M;(s") = P;Ci(s"), Vt,s;

(v) Export prices are given by Py, ,(s") = P (s")/E(s") and Pp, = E(s")Pp,(s").

To clarify the restrictions imposed by equilibrium, note that household optimality conditions (16)-(20),

market clearing, and cash-in-advance imply

-0 %\ —0 -6 %\ —0
Py . (P . Pg\"" M (Pg\T M*
Y = Z = 1 - I C _— C = 1 — _— —_— —_ s
"l w(P) +Y(W) ( w(P) P+y(m P* (46)
Y* Z* % PF -0 C (1 *) PF ¢ C* PF -0 M (1 *) P;' - M
= = _— =+ —_ —_— = E— 4 —_ _—
TEVP Y\ pe "WP) P APl P

where, letting P (Py, Pr) and P*(Py, Pr) denote the ideal price indices for Home and Foreign, respectively,

we have

P = P(Py, EP})
P* = P*(Py/&, P}).
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The Backus-Smith condition (22) implies

&Ep*
I

&) -oasna-au-y

Imposing the cash-in-advance conditions and rearranging yields:

1 M\ (P\7!
MR (M) (?) | 4

Equations (46) and (47) determine &, n, and n* (or, equivalently, Y and Y*) given {Py, Pj’;} and {M, M*},

conditional on the PCP condition for export prices and the price aggregators. Real consumption allocations
can then be recovered from prices and the cash-in-advance conditions. Arrow-Debreu prices are given by
(17) and (20). If wages are flexible, then W and W™ are given from the households’ static optimization
condition. Firm profits are (PyZ — W)n and (P.Z* — W*)n".

Local Currency Pricing (LCP) Under LCP, are local currency prices are pre-set.

Definition 2. Given technology {Z;(s"), Z/(s")}, monetary policies {M,(s"), M;(s*)}, asset market
taxes/wedges {Y;(s")}, local-currency price sequences {Pp (s"), P;‘{’t(st), Pry, P}’;’t}, and initial assets
w and w”*, a LCP equilibrium consists of allocations {Cpy,¢(s"), Cr,«(s*), Cf; ,(s"), Cf. ,(s")} with associ-
ated aggregates {C,(s"), C;(s")}, labor {n,(s"), n;(s")}, nominal exchange rates {E,(s")}, nominal wages
{W,(s"), W/ (s")}, and Arrow-Debreu prices {A;(s"), Aj(s")} such that:

(i) Households in each region optimize;
(ii) Goods markets clear;
(iii) Asset prices are consistent with {i;(s")} (equation (45)); and

(iv) Nominal expenditure equals the money supply (“cash-in-advance”): My(s') = P(s")Ci(s') and
M;(s") = P;C;(s"), Vt,s".

Under LCP, equation (46) pins down n and n*, given monetary policies, as

P = P(Py, P})
P* = P*(Py, PL).

Note that & does not play a role in output determination. The nominal exchange rate is then given by (47).

The rest of the equilibrium objects are straightforward.
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Pricing to Market (PTM)

Under PTM, we assume prices are set according to

Py = (W)'"9P%; Py = (W/8)9 (P, 8)
Pp = (W*E)'"9PY; Py = (W) =9(P)Y,

for ¢ € [0, 1), where W = W/Z and W* = W*/Z represent the respective marginal costs of production and

P = P(Py, Pr)
P* = P*(Py, Pp).
This implies
&Py, &EP;
__H - _F = Q‘ﬁ. (49)
Py Pr

Definition 3. Given technology {Z(s*),Z;(s")}, monetary policies {M;(s*), M;(s")}, asset mar-

ket taxes/wedges {y;(s')}, and initial assets w and w*, a PTM equilibrium consists of allocations

{Cr,4(s"), Cri(s"), Cj; ,(s"), Cy. ,(s")} with associated aggregates {Cy(s*), C;(s")}, labor {n(s"), n;(s")},
nominal exchange rates {€,(s")}, nominal wages {W,(s"), W/ (s)}, Arrow-Debreu prices { A;(s"), A}(s")},
and local-currency prices {Pp,i(s'), Py; (s*), Pr,i(s"), Py ,(s")} such that:

(i) Households in each region optimize;
(ii) Goods markets clear;

(iii) Asset prices are consistent with {i/;(s")} (equation (45)); and

(iv) Nominal expenditure equals the money supply (“cash-in-advance”): My(s*) = P(s")Ci(s') and
M;(s') = P;C;(s"), Vt,s'; and

(v) The PTM condition (48) is satisfied.
For each period, there are 13 equilibrium objects: 6 real allocations {Cy, Cr, Cy;, C,, n, n*} plus 7 nom-
inal prices {Py, PF, PI’;, P;, W, W*,E}. These are simultaneously determined by the four household first-

order conditions (16) — (20), the two static optimality conditions for leisure, the two market clearing con-
ditions (46), the Backus-Smith condition (47), and the four PTM equations (48).
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C Second-Order Approximation to Welfare

This appendix provides the details behind the second order approximation of welfare discussed in the last

paragraph of Section 2.

Point of approximation We characterize a second order expansion of the welfare loss function
L(A, 8) defined in (13) around an efficient point with § = A = 0. We denote by Y and Y* the values of
Y and Y™ in the baseline allocation, and we denote with bars the other variables corresponding to this al-
location. We also define the following constants measuring openness of the economies under the baseline

allocation: 01

= % C_* A
TE T

— _;-I — % C_F
Y -, (24 —.
C C* Y Y+

Note that in the Cobb-Douglas case with 6 = 1 we simply have y = y and y* = y*. Also note from the

-1

definition of the consumption aggregator (1) we have that 1 —y = (1 — y)é —H) and from the resource

)
|

c
constraint (3) we have 1 — @ = Cy/Y. Symmetric equations hold for 1 — y* and 1 — a@*. Rewriting the

planner’s optimality conditions for (Cp, Cr, Cy;, Cy, C, C*) from Appendix A for the baseline undistorted

allocation, we have:*°

Taking the ratios to first eliminate @C'~% and C*!~? and then another ratio to eliminate (7Y)/(¥*Y*), we

have: ) . . _*
Y vy oo__«
1-71-7* 1-al-a*

>

a condition that holds for any allocation with § = 0, but does not hold when § # 0.

First-order expansion for the observed allocation The observed allocationis (C, C*, Y, Y*), where

Y = Y and Y* = Y* by construction, while C and C* may be different from C and C* indicating the pres-

ence of wedges A and/or §. We now characterize the first order deviations in the consumption allocation

(CH, Cr, Cy;, Cy, C,C7) from its baseline level in response to (4, 5) # 0, and denote the corresponding pro-

portional (or log) deviations with small letters, (cy, cr, c;‘{, €. ¢, c*),suchthat,e.g.,c = (C-0)/C =~ log(C/C').
From the resource constraint, we have:

1—a)cg+acy; =0 and a*cp+(1—a’)cs =0.
H F
From the consumption aggregators, we have:

* * —%

c=(1-y)cu + ycr and  c¢" =jy'c + (1 -7k

0-1
[

1 (C A -
0 C—_H = CHV,

3'Note that 7 = 0 when & = 0. Therefore, the optimality condition for Cy simplifies to iC(1 — y)@ ( % )

while jiC = » when evaluated at the baseline allocation with A = § = 0. Similar expressions hold for Cr, C_;‘i and C’;,
and result in the four conditions in the text after we apply definitions of y, &, etc.
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Next we expand the planner’s optimality conditions for (Cy, Cr, Cj;, Cy) from Appendix A:*!

—lc + 1_ c+A-7=- !
N A T

1- y)wél—an’

1 1 1
—gert (5 - 0) c+A-7" = )76061_0’7’
1, 1 . n 1
_§CH+(§_U)C -9 = WU,
1, 1 o ax 1
—56F+(§_‘7)C -9 :_W’]’
where ¥ = (v — 7)/7 and 7 as before (since 77 = 0). We take differences of these equations to solve out ¥ and

7*, and use the resource constraints to solve out ¢}, and cr. This yields:

1 1
—%cH+(§—0)(c—c*)+A:—_

1 1
* - Lk /1= S ——
a*eCF+(9 0) =)A= eyt

where we used the relationships (1 - 7)wC!'~% = =27"C*1=7 and ywC'™7 = 12-(1 - 7*)C*'~7 that hold

1-a*

for the baseline allocation.
Next using the d-constraint (8) on the planner and the characterization above, we derive the approxi-

mate relationship between 6 and 7:

s 1[ N *] 1 1, (QA-pa+@-a)y 1
=—|lcg—cr—Ch+cp|=—cyg+ cp = = .
gl TF T TH T IEL T gt T g F 1-a)y  ad-pwc—o’

Lastly, we use consumption aggregators to solve for:
c—c" =(1=pen +yer =¥ —(1=7)ck

-\ = —% _\1CH —%k\ —% — — % C; ¢

- [(1- 1-a)]— - [(1- 1-a)L=—2 02,
[(1—p)a+7( a)]o_( [(1 -7 +§( “)]07* T+ (00— 1)

wherep = (1-p)a+7"(1—a)+ (1 —y")a* +y(1 —a*), and the last equality substitutes in the solutions for

* i i i v v _ a &
cy and ¢y, and simplifies using the fact that T T Teai-a

Using these derivations, we can now express the full consumption allocation as a function of wedges (4, 9),

31For example, the optimality conditions for Cg can be rewritten without approximation (i.e., the “exact hat alge-
bra”) as:

Cu/Cu
c/C
and note that #Cy = w(1 — 7)C' 77 for the baseline allocation with n = A = 0. Dividing by &(1 — 7)C'~° and taking a

first-order Taylor expansion results in the first line in the text.

o1 -p)C7(1 - (/O 7 ( )9 = 7C(Cu/Cr)(v/7) — 1,
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in proportional deviations around the efficient baseline:

1 *

ECH = 1 &CH = kO + x09,

1 1
—cp = ———cp = —k0A + (1 - )09,
a* 1-a*

- (-aYy
where y = (e r

Furthermore, this implies that

and k = m, and recall that ¢ = (1 — p)a + 7*(1 — @) + (1 — y")a* + y(1 — a*).

c=[1-p)a+(1-a)y]kbr and c=-[1-a)y +1-7")a"]koA,
and indeed there is no first-order effect of 6 on aggregate consumption around § = 0.

Second-order expansion for the welfare loss Consider next the welfare function maximized by

the constrained planner in problem (10), which we can write as:
W = U(C) + U(C") = wU(C(CH,Cr)) + U(C*(C;. Cr)),

where (Cy, Cr, Cy;, Cr, C, C”) is the observed allocation corresponding to wedges (4, §), and for a given
Y = Y and Y* = Y*. The first-best welfare is W = oU(C) + U(C*), evaluated at the efficient baseline

allocation. We now characterize the second order expansion in (4, §) to the welfare loss defined as:
LA, 6) =W -W.

Note that the first-order terms are absent by the optimality of the undistorted allocation, which can be
verified directly by differentiating wU (C(Cp, Y* —Cy)) + U(C*(Y — Cn, Cy)) with respect to Cy and Cj, and
evaluating the resulting expressions at (Cy, C_’;’;) Note that we used the resource constraint (3) to substitute
out C;; and CF, resulting in an unconstrained optimization problem for an undistorted planner.

Taking the second-order expansion for W(Cy, Cr) = oU(C(Cq, Y* — C3)) + U(C*(Y — Cq,C3)) in Cq

and C;. around Cy and Cj, yields the following result:

WenC? | WepCl2

s = A A
L(/L 5) = — 2 C 2 C;« - WHFCHC;CH(,‘;,
57— PW(CnCp) L 5 < oW /) aC +r 8C*
where Wgyr = W'C_H,C_} and similarly for Wgy and Wgp. Note that Froris U ac; U ace and
oW

_ r 9C x1 C* .
5C = wU ot U acT- Therefore, we have:

Wan = wU”(Cr)? + wU'Cupr + U*"(CI’;)Z + U™ Cipp
WFF = a)U”(CF)Z + OJU,C'FF + U*”(C’;)Z + U*,C_';F,
WHF = —COU”CHC'F - OJU,C_'HF - U*”C';IC; - U*,C;;F,
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aC(cH,cF>| Oy = GG
oCu 1Cy,Cp=Y*-Ci> ~ H
larly for other derivatives. We have:

_ 9*C(Cu,Cr)

- ) - .
where Cpy = ac;, |C;I=Y—CH,CF’ CHF = —360Cs Iy ,Cpet -c;> @nd simi-

. s (Cr) 70 c . _.¢C

C =(1- 0| — =(1-vy = C = __—,

H=(1-Y) (C) ( Y)CH FeVE
n 1 C . 1 C . 1 C
C =——_1—__—, C =——_1—-_—, C :__1__T,
1 = —57(1-7) & P =—g71-7) & mr = 57(1-7) Gl

and similarly for C*. We also have U”'C = —¢U’ = C~9, and same for U*. Finally, C¢/C}. = @*/(1 - &*) and

C_'I”il /Ch = a/(1 — @) from the definition of @. Using this, we can solve for:

s a-alfo-n- - o).
where we the fact that = = 12V & _ ¥ 1-a

wCl-e — 7 1-a 17 a

Using this characterization, we can express the second-order of the welfare loss functions as follows:

— A8 =51 = ) [+ (@l - )+ 7 (1= )0 - ] (L5
0— — % — — % — % —% C; 2
+5ﬂ1—an1+wa—a>+au—y»wﬂ—n]ﬁ*)
a0

—0a(1-p)[y(1-a) +a (1 -7")] (a6 - 1) (Z—g) (;fg) ’

;
°r
*6

where we solved earlier for Z& = kA + yd and

- ; - (1-a’y

= —kA+ (1 - X)(S with X = W.

Lemma A1. The second-order expansions to the welfare loss function (A, 8) is separable quadratic in
A and$, i.e., takes the form1L(A, §) = %[AAZ +B6&?] for some A, B > 0 and features no interaction term A5.
In particular, A = wU’(C) - %‘C’ = wCa(l — 7) + y(1 — &*)]x6.

Proof. Given the expansion for (4, §) above, for there to be no interaction term between A and J, it is sufficient
that the following two conditions hold:

a1~ 7)x = 71— &)1 = 1)
f(1-a)
w(1-7)

[#(1 =7+ 7 =@y = (71 - &) + & (1= 7] (1= 20+ [11- &)+ &' (1= 7] (1 - 2)

The first condition holds immediately by the definition of y which implies ﬁ = )’:;(11:5;‘)). Using this, we can
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simplify the second condition as follows:
[a1-p)+ 7 A -]y1-a) = [y(1-a)+a (1-7)]al -7).

This condition always holds by the property that y*(1 — @)y(1 — &%) = @*(1 — y*)a(1 - y).

Finally, we characterize the value of A in the expression for (4, §). By direct algebraic calculation:

1 - . 1.
L(A,0) = EwCI’”[d(l —7)+7(1 = a)]kA* + 5B52.

Note that C!=° = U’(C)C. Furthermore, recall the first-order solution for aggregate consumption, ¢ =
[(1 - P)a + (1 — @")7] kOA. Therefore, £ 55|~ = al;;§C|C. = [(1 = p)a + (1 - a)p] 6. O

Two special cases While the general expression for L(4, ) characterized above is burdened by (7, *, @, a@*),
there are two special case which simplify the expression considerably. First, consider the generalized Cole-
Obstfeld case such that ¢ = 1. We have:

L, 8) =2 |ai - p) (C—H)z a-a(E)
0 %72 a0 77 a0
4 )
=5 a( =)+ 71 = a)] [A+ x(1 - 5°],
where we used 2 = 1 + x4, % = -1+ (1 - y)d as k = 1 in this case, and we still have y = %

Second, the general expression simplifies considerably in the symmetric case such thaty = y* = a = a”.

A sufficient requirement for such symmetryis w = 1,y = y* and Y = Y*. We have:

- L(M):g‘(l—‘) (C—H)2+ r 2+2-(1—-)(a9—1) cn_ :
C ’ VTV 20 a* n-r ad ao

wCl-o
- = 2 Ll
=07(1 - 7) [K/l +Z<3 }

c*

L5 = —kA+(1—- y)é withk = m,qﬁ =4y(1-y)and y = 1—y = 1/2.

where we used 2% = kA + y6 and

Harberger Triangle for A Lemma A1 provides the structure and the closed-form expression for the

welfare loss from the risk-sharing friction A. This expression has the following structure:
1 - =
Welfare loss from A = EwU'(C)C -dlogC - dA,

where dA = A since A = 0, and dlog C is the proportional change in consumption due to the A wedge, which
from our first-order solution is dlogC = ¢ = [(1 — y)a + (1 — &@")y]x0 - dA. This is a Harberger triangle,
where dA = A is the wedge, or the size of the distortion, and dlog C is the impact of the distortion on the
allocation, while wU’(C)C is the welfare impact of this change in the allocation. The same calculation can

be done using foreign consumption C* and foreign utility U(C”).
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D Calibration

In this appendix, we outline the calibration and measurement procedures. We take the perspective of a
single country (“Home”) facing the Rest of the World (“Foreign”). Unless otherwise stated, all variables
are measured in current US dollars. The code to replicate all tables and figures can be found at the github
repository: https://github.com/markaguiar/IRS-Replication-Package.git.

For notation, we use the following subscripts: H denotes Home, F denotes the rest of the world (For-
eign). Let ¥ denote the set of countries in Foreign. When indexing individual countries, the index i will
be reserved for the Home country.

We shall calibrate certain ratios for a “base year” in order to use growth relative to the base year in the
remaining periods. We use a “bar” to denote base-year values. We will need to make some assumptions

about the data in the base year, which we will outline here:

(i) Let 7;; > 1 denote the iceberg transportation cost of Home’s exports to country j. We assume that

transport costs are constant over time and that 7;; = 7 for all j € ¥.

(ii) Let PPPP denote Home’s PPP-adjusted GDP price deflator in the base year t,. That is, Home’s PPP-
adjusted GDP in the base year can be expressed as PPPPY. We assume that the price of Home’s exports
to country j is the same as the price of Home’s GDP in the base year. That is, P;; = PPFF for all j € F,

where P;; is the price of Home’s exports to j in # (net of transportation costs).

(iii) Let 7jx > 1 denote the iceberg transportation cost of country j’s exports to country k. We assume

that transport costs are constant over time and that rj; = * for all j € F and j # k.*?

(iv) Let P;; denote the price of an import from country j € F to Home (country i) in the base year. Let
Pf PP denote country j’s PPP-adjusted GDP price deflator in the base year. We assume that Pj; =

__pPPP _ _«pPPP
T]le =T PJ. .

Assumptions (i) and (iii) are consistent with treating Foreign as a single aggregate of the rest-of-the-world.
Assumptions (ii) and (iv) are essentially states that trade prices are given by the price level used for PPP
adjusted GDP; that is, Home exports to the rest-of-the-world at a price level equivalent to the PPP adjusted
price of GDP, and imports at Foreign’s PPP adjusted price plus a transport cost. This assumes Home
exports (imports) are priced the same regardless of destination (origin), an assumption we relax in all other
years than the base year. The assumption in the base year is necessitated given that we do not observe
destination-specific or source-specific pricing in Home’s exports and imports. Note that export prices will

differ than domestic prices to the extent that the PPP adjustment differs from one.

D.1 Home Country Parameters

Let ABS; denote Home’s “absorption”, which is the sum of consumption, investment, and government

expenditure, expressed in period ¢ US dollars (we will omit H or i subscripts for brevity when the context

32Note that shipments from j € ¥ to Home carry the cost 7*, as well.
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is clear). Let real absorption be generated by same aggregator as consumption, C, defined in equation (1).

Specifically,

p &1 1 8 o
Al’ = C (AH,taAF,t) = (1 - Y)QAH,Z“ + )/914}7)1L s
where Ay and Ap are the Home and Foreign components of absorption, respectively. For a base year
t = to, let a “bar” denote the base-year value of a variable and a “hat” denote growth relative to the base

year. Dividing through by base-year absorption A, we obtain

b

~

. PRI R o1 L0-1) 071
At = — = C(AH,I"AFJ) = (1 _}/) H.,t + AF,l' s (50)

S

where, from the definition of C, we have

_ o 6-1 _
__ 1 [Afp)\° _ 1 (Ag)\ ?
=yo | — dl— =(1- 0| — .
Y=y (A) an y=l-y (A)

The resource constraint on Home goods implies
*
Y; = Ags + TAHJ,

where Y; is Home’s real GDP, A}, , is the rest of the world’s absorption of Home goods (Home’s real exports
net of transport costs), and 7 is the cost of exporting from Home to the Foreign (see Assumption (i) above).
The real growth rate of Home’s GDP as

. A . TA;, o A,
Y, = YAHJ + THAHJ = (1 - a)Ap, + ady,, (51)

where the second equality defines @ = 7A;},/Y.

Calibrating a: The parameter  is the ratio of the quantity of Home exports (inclusive of transport
costs) divided by real GDP. However, we do not directly observe the quantity of exports or output in the
base year. We observe nominal exports in US dollars, EXP, which we assume are measured including
transportation costs. From Assumption (ii) above, exports are priced at ﬁPPP. Letting WPPP = pPPPY
denote Home’s PPP-adjusted GDP in the base year. We then have,

TAI*{ pPPP TAE EXP

Yy —  peery @PPP’

a =

— ———PPP
where EXP is Home’s exports in the base year (inclusive of transport costs) and GDP  is Home’s PPP-
adjusted GDP in the base year, both in dollars and both obtained from the WDI database.
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Calibrating y: If Home agents faced a base-year price Pr for Foreign goods and a price P for the

composite commodity, cost-minimization implies

Multiplying through by Ar/A, we obtain

as the expenditure share of foreign imports out of total expenditure. The challenge is that imports are
measured by statistical agencies “at the dock” of the respective importing country, but not necessarily
at the prices faced by consumers when choosing between Home and Foreign goods at the retail level.
Nevertheless, for the base year only, we assume that the price of imports at the dock is the price for
Foreign goods faced by consumers at the retail level. Under this relative price assumption, we have
_ IMP
V==
ABS
where IMP is base-year nominal imports in US dollars, and ABS is the sum of consumption, investment,

and government expenditure, also expressed in base-year US dollars.

From Absorption to Consumption: We have assumed that the same aggregator is used for all
components of absorption. Assuming that the relative price of Home and Foreign inputs are the same
across absorption components, then the expenditure shares on Home versus Foreign will be the same for

consumption and absorption. That is,

N

Pu:Chs PuiApy Cy A Ct »
, LA > > C — A C =—A 52
P.C, P.A, = Cy, A, Ht = CHy: t H,t (52)
PrCr: PriAp: G . G -
e = Cp; = —A = Cr; = —A 53
PtCt PtAl’ Fit At i Ft Fi ( )

t

D.2 Foreign Parameters

For j € F, let ffj,t denote real GDP growth in country j relative to the base year. We define world GDP

growth as

. v
Y= oY,
jeF

where the weights w}/ are defined as country j’s share of PPP-adjusted world GDP in the base year:

GDP,""

W, = —————=—.
J ———PPP
ke GDP,
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Let Aji; denote country j’s exports to country k in period t and 7, the associated trade cost, and A;; ;
denote domestic sales within j (and 7;; = 1). Letting i denote the Home country, the country-j resource

constraint is

Yie = Gidjie + D TikAjkr-
keF

Let o?;fk = 7jxAji/Y; denote country j’s exports to country k, inclusive of trade costs, as a share of GDP in

the base year. We then have

A

O _x 4
Vie= @A+ D) @A
keF

Taking the weighted sum across all foreign countries:

Y —ZQ) th—ZQ)} Qjj ji’t+2w}/2&;k14jk’t'

JEF JEF JEF keF

Define the growth in Home’s absorption of Foreign goods as

AFt=—ZwJ @A, (54)
jeF

where a* is a constant defined below. Similarly,

]k,t-

We then have

>
>

V) =@ Ap, + (1 - a")Ay,.
We assume that Home (country i) consumes imports from the various foreign countries by aggregating
into a composite Ar according to a Cobb-Douglas aggregator (or a first-order approximation of a more

general aggregator function):

AF,t = Z )/]1 Jji,ts (55)

where yj; is the expenditure share of country j’s exports in Home’s total absorption, which, using base-year

values, is defined as:

where Pj; is the price of country j’s exports to Home in the base year and PA is Home’s total (nominal)

absorption in the base year.
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Calibratin @*:  As expression (54) equals (55) at every ¢, we need that weights on country j in the

respective expressions must be equal. That is,

Y o ———PPP _ o
e 95 % GDP; . Tjidji , 2ker PriAki
VillV  suesGDP, Y PjiAji
— ———PPP
IMP 7jiGDP;

= %
———PPP 5 v.
Skes GDP, PjiY;
where IMP = 3 ic#PriAx; is the nominal US dollar value of Home’s imports in the base year. From
Assumption (iv) above, Pf PP = Pj;/7ji, and hence the last term is one. This implies:

IMP
A — (56)

- ———PPP"
2ker GDPy,

Growth in Foreign absorption, A* is a weighted sum of the growth rates observed in the individual

foreign countries:

fe AR
At = ijAj,t,
JjeF

with {wj‘} defined analogously to a)}/:
ABS;
Sker ABS)

and where ABS; = P;A; is total nominal (in US dollars) absorption of country j in the base year.”® Define

S
1l

country j’s expenditure share on country k’s exports in the base year as

To a first-order approximation, we can write

Aj,t = }’ijfiij + Z ijAkj,r

keF
Combining these equations, we have
. 4 x A .
Ay = DT ofvijAie + D0 0 D vAke (57)
jeF j€F  keF

3In practice, we use a)}/ instead of a)}“ to aggregate countries’ absorptions into the RoW series. The two

weights are highly correlated, but output-based one allows us to get a larger sample of countries with solution

- > .
for Apt, Apt, Ap » AR, in every period.
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Let A;I be the growth rate of Foreign absorption of Home goods. In particular, define

Ay, = D A,

where

is the share of Home’s exports that go to country j in the base year.>* In order to write (57) as

we search for weights such that

A
AH,t

where y* is a constant defined below.

Calibrating y* and a)j.\: Comparing (58) to (59), we require

A Q. Aij

JEF

aij = —_,
ZkeFAik

jeF

PjA;

1 A ~
=5 > w5 VijAij,ts

PjA;

Yij Sker Aik

i Zker Ak Sker PicAik

(58)

where the last equality uses Assumption (ii) above that states P;; = Py = PPPP for all j,k € F. We then

have

—%

= w

where EXP = Y rc# Pix Ajx is Home’s dollar value of exports in the base year.

D.3 Measurement

+EXP  EXP
' ABS; IcsABS;

We measure the parameters &, @*, y, and y* using the World Bank’s World Development Indicators (WDI)

database. We use the following variables:

3*Here, we can adjust for transport costs, as well, but under Assumption (iii), 7;x = 7;; = 7 for every jk € ¥, and

the transport costs cancel from «;;.
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For each year ¢, we have the following four relationships:

+ = (1 - @)Ag, + @Ay,

Y, = a'Ap, + (1 - a")Ay,.
For each year t, these four equations determine the four unobserved quantities {AHJ,AFJ,A;{, t,A;, t}. A
unique solution corresponds to a tangency in the Edgeworth box diagram of Figure 1 Panel (a). Two
solutions correspond to a wedge §; # 0, and we pick the solution for which the implied §; > 0 (that is, home
bias is exacerbated by the wedge). In a handful of cases (less than xx percent), there is no solution. This
represents a mis-specification or measurement error, as the allocation is not feasible given the resources
and preferences. We drop country-years for which that happens. We go from absorption to consumption
using (52).

In each country, we take investment and government expenditure as given. The planning problem
and counter-factuals involve reallocating the share of output that is devoted to consumption. Specifically,
define

Yor =Cphy + rC}k_I’t and YC*’,t =7'Cpy + C;’t

where 7°Cr,; is the consumption in Home of Foreign goods inclusive of transport costs. Dividing Y, by

the base year value, we have

* C_H A Cr %
Yo, CHr+1Ch, Y Cre+ 5 Cp,

YC CH + TC_;I Cu Cy
Y

Ct =

5

+

i

where the last equality is obtained by dividing the numerator and denominator by Y. Using the fact that

Cy = %AH, we have
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We then have

(1-a)S5Ch, +a$Cyy,

YC,t = = —
1-aS+a5
Defining
B aC*A*
ac = = 7 = .0
(1 - &)CJA + aC* /| A*
we have

Yer = (1 - ac)Cu;s + acCy,.
A similar derivation holds for f/c* ;- In particular,

a*C/A
(1 - a*)C*/A* + a*C/A

%
e
and
sk —x A AN
Yo, = acCre + (1 — ap)Cry-

Computing Planning Problem Wedges

(60)

(61)

We begin with computing the (distorted) Consumption Possibility Frontier of Figure 1 in growth rates.

Recall the problem in levels (dropping the t subscript):
C(C*; Yc, Yg, 5) = max C(CH, CF)
{CH.Cr.C;.Cr}
st.Cy+Cp; < Yo
Cp+Ch< Y}
C*(Cy,Cp) = C”
Cr

F Y

Cy N Rt 1-y"\ Cy
oo (S ()2

Now consider a normalized problem. In particular, we take {Cy, Cr, C;, C;} and the associated C and C*

as arbitrary but fixed constants, and consider choosing an allocation relative to those benchmarks. Using
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the above definitions in regard to normalization, we can rewrite this problem as

C(C* Ve, Y, 1+0)=  max C(Cr, Cr) (P)
(Cr.Cr.Cip.Ci}

s.tt. (1 - &C)CH + ac A;I < ?C v
GCr + (1= a2)C < 3, v
CHCr,Cr) = € Q
Co  —— oG
L =1+97-H, {
Cr Cr

where we indicate the Lagrange multipliers on the constraints on the right-hand margin and we define

T3 =160 (L) (L2 ) CeCa 1+
(ror=a-o ( Y )( v )CHC;_(1+5)9' (62)

Given an allocation {é H, C E, C‘;}, C‘;}, we can compute 1+06 directly from the final constraint and solve for

the multipliers {v, v*, Q’, {'} using the first-order conditions for Problem P. Note that

~ aC
Q = ———,
aC+

and represents the shadow cost of marginal growth in Foreign consumption in terms of Home consumption

growth. If Q = —3C/aC* is the relative price in levels, we have

. aC  C*aC C* -
Q--Z - -

o TCor T

Note that we can compute Q’ in any year from the above problem, but cannot compute Q without knowing
the level of reference consumptions in each regions. However, we can use Q' in any two periods to compute
the ratio of Q across time.

Turning to the preferences side, note that the Planner’s objective can be rewritten in growth rates —

again, given fixed reference constants C and C* - as follows:

T T ) )
= U(C) U(C u(C
S [0U(C) + U] = Ue) S |0 LY U
1=0 1=0 U(C) UC) U(CY)
T
= (1-)UC) DB [0'UCH) +UE))],
=0
where the last line uses the functional form of U and defines »’ = g( g))_ Using the function €' defined
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above, we can write the Planner’s problem (up to a positive multiplicative constant) as:
T A A A
r{réav}( Z B |’ UC(C))) + UC))] -
t1 t=0

The first order conditions are:
W'U(CHQ, =U'(C) V.
We define the Planner’s risk sharing wedge in period ¢, denoted A;, by

1 = U'(c;)
t =" __ L~ _~ =
a)’U’(Ct)Q’
D.4 Baseline Static Wedge

We can use the two-country planning problem to map the baseline static wedge into our parameters. In

the first-best planning problem with trade costs, the static optimality condition becomes:

(52 () -2 5 ()
T |— — =—-|— — .
Y Af T\ ¢ Ag

We can define the baseline static wedge § such that:

1 — -1 % 1 A
(1+5_)T*(1_—Y)9(ﬁ)9 =1( Y )9 4H =
Y Af T\1-y* Af
A (1= \P (A0 A (VB[
(1+6) F Y AH _F 4 H -
Ag Y Afp ’Z';{ 1—)/"F A;-
_ 1A -y A 7
(1+ 62 1_y)= -’;Z( y_*):
H Y Ay -y
(1+8)LE 1fy)= _Ij( V_*):
F\ Y Ay \1-Y
(8 (=) (A2 - (=) () S
1-aJ\ 7 a J\1-p
o 5 ) (75 (5
a a 1-y)\1-y

where the third line uses the definitions of y and y* as the expenditure shares on imports in absorption,
and the fifth line uses the definitions of @ and @* as the share of exports in output. Given our calibrated
parameters, we can measure the implied static wedge in the baseline year. Note that we do not use this in
order to compute the growth in the static wedge, which can be calculated without knowledge of the base

year’s value.
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