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Abstract

This short note presents a simplified version of the exchange rate policy framework
from Itskhoki and Mukhin (2022) and characterizes the optimal use of monetary and FX

instruments in closed form.

1 Setup

Consider a small open economy with tradable and non-tradable goods. There are two frictions
— sticky prices and a segmented financial market — that distort the equilibrium allocation,

justify government interventions, and give rise to a policy tradeoff.

Households and firms A representative household has logarithmic preferences over con-

sumption of two goods and linear disutility from labor:

EY 4 [7 log ¢ + (1 — 7)(log Oy — Ly)
t=0

It receives labor income W, L,, firm profits I1;, and transfers from the government and financial
sector T3, and can borrow or lend using a one-period risk-free home-currency bond B;:
B,
PryCr + PniCne + 7= By + Wil + 11 + Tt
t
where R, is the gross nominal interest rate.
The endowment of tradable goods Y7 is exogenous and stochastic, generating demand for
international risk sharing. The prices of tradables are flexible and satisfy the law of one price,

ie. Pry = &P;,, where a higher nominal exchange rate & corresponds to a depreciation
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of home currency and Pj, = 1 for simplicity. Output of non-tradables is endogenous and

depends on the labor input and productivity shock:
Cne=Yne = ALy (1)

Non-tradable prices are permanently sticky at an exogenous level, Py; = 1, and output is
demand determined.
In particular, a standard Euler equation characterizes the transmission of monetary shocks
R, into aggregate demand and output:
Cne

RE =1, 2
FRE @

while equilibrium in the goods market is characterized by

v Cne _ E Py
1 —~Cry Py
=9

In words, because of sticky prices, a nominal depreciation is required to weaken the real ex-
change rate Q, and generate expenditure switching towards non-tradable goods. Finally, the

optimal labor supply is given by
Cne = Wi (4)

Financial sector Asset markets are incomplete with only foreign-currency bonds traded
internationally. Furthermore, they are segmented with home households having access only
to local-currency bonds and financial sector intermediating international capital flows. Addi-
tionally, there are three types of agents that can trade home and foreign currency bonds — the
government, noise traders, and arbitrageurs — all taking zero net positions and residing in the
home economy with their profits and losses transferred lump-sum to households.

Every period a new generation of arbitrageurs chooses a zero-capital portfolio (D;, D;)
subJect to £t L+ gtD
Dy + €t+1 = :+1 R* , where Rt+1 = R} — Rtg
a carry trade portfolio. Arbitrageurs are assumed to choose a portfolio proportional to the

= O The dollar net income from such a carry trade is given by oY =

Sharpe ratio:

D; _E [©u11 R} ]

R} woy

where o7 = vary(R},,) = Rivary(&;/Ei41), (5)

. ) . Py,
is a measure of the nominal exchange rate risk, ©;,; = /3 CZTL is the stochastic discount
Tt+1

factor (SDF) of home households, and w > 0 is the risk-bearing capacity of the financial

sector.! As w — 0, the risk-absorption capacity of arbitrageurs increases unboundedly, and

'The original setup in Itskhoki and Mukhin (2022) assumes that arbitrageurs maximize mean-variance pref-



the uncovered interest rate parity (UIP) holds in equilibrium, E;[©;,4 R;" 1] =0.

Noise traders also hold a zero-capital portfolio (N, N;°) such that % + ‘S;%ft* = 0, and

N} is an exogenous liquidity demand shock for foreign currency that is uncorrelated with

macroeconomic fundamentals. Similarly, the central bank balance sheet (F}, F}") satisfies % +
EFy

I
Financial market clearing requires that the foreign-currency bond positions of all types of

= 0 with changes in F} and [} corresponding to FX interventions by the government.

agents balance out:
By = Fy + N + Dy, (6)

where B; is the short position of foreign households. Walras’ law ensures that the market
clearing for home bonds holds as well. Because all cross-border positions are in foreign cur-
rency, B; also corresponds to the net foreign asset position of the home economy that evolves

according to?
*

B
R—i - Bt*fl + YTt - CTt- (7)
¢
In sum, given exogenous shocks { A, Y71+, R}, N/} and policies { R;, F}, the equilibrium
prices and allocation {C\y, Cry, Ly, Bf, D, Wy, &, 02} solve the dynamic system (1)—(7).

2 Policy problem

Although the non-linear equilibrium conditions above can be used to solve for optimal policy
in some special cases, approximations are required to characterize analytically second-best
policies. To this end, we next solve for the first-best allocation, derive a quadratic loss function

and take the first-order approximation of the equilibrium system around B* = 0 and 3R* = 1.

First best and loss function The first-best allocation is the path of tradable and non-
tradable consumption and labor, which we denote with tildes {C7y, C'v¢, L, }, that maximizes
the household welfare subject to two resource constraints (1), (7). To solve for both the efficient

allocation and derive a quadratic loss function, it is convenient to define the Lagrangian

.C:IEZﬁt{vlogCTﬂr (1—=") <lOgCNt - f) + M [B:—l + Y — Oy — R}] }

t=0

From the first-order conditions, the optimal allocation features a constant labor supply and
C’Tt that solves a frictionless Euler equation together with the country budget constraint (7):
. C

Li=1, Cw=A4, BRE—="—=1

Tt+1

erences. The resulting portfolio is the same except for o7 in the denominator. Given qualitatively similar results,
we focus here on a more tractable case.
?Home assignment: prove this formally using the budget constraints of all agents in the economy.



This allocation is supported by shadow prices: a conventional natural real interest rate R,
determined by the Euler equation (2) and the open-economy specific natural real exchange
rate Q, responsible for the optimal expenditure switching (3).?

Consider next an arbitrary feasible allocation {Cry, Cny, L;} satisfying the two resource

constraints and take the second-order approximation of the Lagrangian:

5 1 - A 2 A 2 AB*
L—LrE Y f 7( ?Tt> —i—(l—’y)( ?Nt) +2AN, {AB:l—ACﬂ— :1
2 -0 CTt CNt Rt

= SEo Y vt + (1 - )ad], ®
t=0

where £ is the maximum welfare, A denotes deviations from the optimal solution, and we
used the fact that the intertemporal budget constraint has to be satisfied for any perturbation.
The latter equality introduces two wedges central to our analysis — the output gap x; and the

risk-sharing wedge z; — defined by:
xy = log Cyy — log o and 2z = log Cpy — log Cry. 9)

The output gap is a standard concept in the NK literature that summarizes the misalignment
between the marginal value of consumption and leisure. In contrast, the risk-sharing wedge
z; is new and summarizes the deviations from the optimal consumption smoothing. From
net exports in (7), z; can also be interpreted as excess trade deficit. Thus, in the language of
Salter (1959) and Swan (1960), one can think of (z;, z;) as measures of internal and external
imbalances respectively. Importantly for the policy analysis below, 2, is also closely related to
the UIP deviation as i; — if — E;Ae; 1 = E;Azyyq, where i, — if = log(Ry/R}).*

Equilibrium conditions The next step is to express the relevant equilibrium conditions,
which serve as constraints in the planner’s problem, in terms of the same deviations from
the first-best allocation. Following a primal approach, the production function (1), the Euler
equation (2) and labor supply (4) can be eliminated as side equations determining, respectively,
Ly, R; and W,. The remaining conditions can be condensed into three constraints.

The first one is the country budget constraint

Bb; = b;_y — 2, (10)

where b} = (B — B}) /Yy is the deviation of NFA from its first-best path scaled by the steady-

state level of tradable output Y7. In the absence of other frictions, this is the only constraint

SHome assignment: solve in closed form for §; as a function of exogenous shocks.
“Home assignment: prove this formally.



and the first best allocation with z; = 2z; = bj = 0 is implementable. The second constraint
summarizes equilibrium in goods markets and reflects nominal rigidities. It follows directly

from equation (3) rewritten in terms of deviations from the efficient allocation:
e = Gt + x4 — 2, (11)

where ¢; = log & and ¢; = log Qt.
Finally, equilibrium conditions in the currency market (5)-(6) can be combined with (2) and

(3) to get the international risk-sharing condition:

C Bf — N} — FF
Tt =1+ wo; ¢ L ¢

R'E ,
R, tCTtJrl Ry

where o7 = R?var, (St / 5t+1).

The latter term represents a risk premium that emerges because household positions need to
be intermediated by the financial sector with a limited risk-bearing capacity: this risk premium
depends both on the size of the currency exposure of arbitrageurs, D} = B} — F; — N/, and
the price of risk wo; per dollar of exposure.’

Since risk premia go to zero under conventional linear approximations, we consider an
alternative point of approximation in which risk premia remain first-order objects and, hence,
affect first-order dynamics of the equilibrium system. In particular, scale all shocks by v and
assume that w = wy/v for some wy > 0. It can then be shown that the price of risk wo; is

zeroth order in v, and the first-order approximation to the risk-sharing condition is given by
EiAz = wo(ng + f — b)) with &7 = vari(e;1), (12)

where & = WYy /B, fi = F} /Yy is FXI scaled by tradable output, and n} = (N — B}) /Yy is a
combined exogenous currency demand shock. Like a conventional first-order approximation,
our approximation scales linearly with the size of exogenous shocks that drive n; and ¢;. How-
ever, due to an unconventional point of approximation, the equilibrium system is non-linear
in shocks and in particular features time-varying volatility that affects first-order equilibrium

dynamics.®

3 Monetary and FX policy

Simplified problem The policy problem boils down to minimizing the quadratic loss func-

tion (8) subject to equilibrium conditions (10)-(12) and potentially additional constraints on

SIntuitively, currency outflows — due to both fundamental (B} < 0) and non-fundamental (N;* > 0) reasons
— require intermediation (D} < 0) and expose arbitrageurs to currency depreciation risk, resulting in an equi-
librium risk premium and a jump depreciation of the exchange rate followed by an expected appreciation. This
distorts the path of tradable prices and tradable consumption, resulting in suboptimal risk sharing.

®For recent applications see Ottonello, Perez, and Witheridge (2024), Kekre and Lenel (2025).



the use of policy tools. Below we focus on a simple case when the central bank is potentially
averse to having a large balance sheet, which might expose it to capital losses, captured by ad
hoc quadratic costs §E Y% ' f;2

This is a highly complex problem that can generically be solved only numerically using
the recursive approach of Marcet and Marimon (2019). We make the following simplifying
assumptions that make the model analytically tractable, yet preserve the key trade-offs and
policy implications. First, drop b terms from the risk-sharing condition (12), which simpli-
fies algebra and can be rationalized by assuming that demand shocks coming from the real
sector are dominated by those from financial agents n;. Second, the noise trader shocks n;
are assumed to be i.i.d. and orthogonal to ¢; to further simplify derivations. Third and most
important, we focus on simple rules with monetary policy balancing domestic objectives with

exchange rate stabilization and FX policy leaning against currency demand shocks:
(I1—=0)z:+0- (et —Eiq1e;) =0 and fi=—an;. (13)

The optimal solution to the original planner’s problem takes similar functional forms, but
requires fully state-contingent responses J; and «;. Focusing on time-invariant parameters

greatly simplifies the analysis.®

Solution The main advantage of policy rules (13) is that they allow solving for the dynamics
of x4, 2, f; in closed form. The resulting processes can then be used to compute individual
terms in the loss function and combine all constraints into one equation that determines the
equilibrium volatility of the exchange rate. The planner’s problem becomes static and can be
solved for optimal values of § and «.

To implement this algorithm, notice that conditional volatility 52 is time invariant. Given

the value of 52, the dynamics of z; are fully described by the system

EiAzi = (1 — a)wony,

pby =iy — 2,

with b* | = 0. Iterating backward the first equation, we get E, 2, ; = 2, + (1 — o)wan; for all
j > 1, while the intertemporal version of the budget constraint gives b;_;, = E, Z;io B 24

Substituting the former into the latter gives

2= (1=pB)by = Bl — a)wan;.

"Home assignment: a challenging, yet intriguing avenue for future work is to consider alternative and more
endogenous constraints on the use of FXI (e.g. the fact that foreign reserves cannot take negative values f;* > 0).

8Home assignment: the monetary rule is in terms of targets, while the FX rule is about responses to shocks.
Show that the latter can also be expressed as targetting the UIP deviations.




Substituting back into the flow budget constraint shows that b; follows a random walk
Ab; = (1 — a)wan;

and therefore, z; follows ARIMA(0,1,1):
— — * 1 *
Az, = —f(1 — a)wa (nt — Bnt_l) : (14)
Substituting the goods market equilibrium (11) into the monetary rule gives
Tip1 = —5(Cjt+1 — 241 + Et2t+1),

where G; 11 = Gi+1 — EiGr41 is the innovation to the natural real exchange rate. It follows that

conditional volatility of the exchange rate 6 is a fixed point of
= (1= 6)*vary(Ges1 — ze41) = (1 = 8)? |0} + B*(1 — a)’w’c’0% . (15)

where o, is the variance of n} and o7, is the variance of ;. We get that 5 is increasing in the

variances of both shocks, but can be damped with monetary and FX instruments:

(- %0
[= 501 — 91— ayiatod | 1o

7 (a,8) =

Assume that 3?@%02 < 1, so that the equilibrium exists even under a floating regime.
Finally, we compute three types of losses in the objective function.” From equation (14), z

can be rewritten in terms of i.i.d. innovations:

2= (1 — a)we [(1 —B)X_:n: —/an] :

It follows that
Ezf = (1 — a)’@’62[(1 — B)*t + B%] o7

and using the fact Y~ 't = the costs of distorted risk sharing can be expressed as

=

(1 —a)}(1—-90)%w 20202

EZ“ - “ (1= 0P(1 — a)ita?

“Home assignment: although z; is non-stationary, we get finite moments because of initial condition b* ; = 0.
Solve for an alternative case when b} is present in the risk-sharing condition (12) and as a result, z; follows a
stationary process with moments independent of ¢.




Similarly, from the monetary rule and the process for z;
Ty = —(5(@ + 5(1 — a)@&nf).

Following the same steps, the costs of the output gap are equal

2 2
(5%

g2 B
Eggﬁxt_1—51—5%1—&%1—avw%%

Lastly, given the FX rule f; = —anj, the costs of interventions are

> 1
Ezﬁt t*2 = 1 . /80520-7%
t=0

Combining these expressions together, the planner’s problem simplifies to minimizing

. (1—a)*(1 —6)’w*or0? 6%a3 K o
WY A i —arazer T T ) TS I S e —a)ater T30
—o? ’ ) =02 ’
(17)

where 02, 02 are used to denote the (scaled) variances of the risk-sharing wedge and output

gap.

Positive implications We start policy discussion with the properties of the equilibrium
exchange rate volatility and supporting empirical evidence.!® The key implication of equa-
tions (15)-(16) is that the effect of macro shocks on the exchange rate is amplified via a volatil-
ity multiplier. Indeed, starting with a case of a pure float « = d = 0, a higher volatility of
fundamentals increases the riskiness of carry trade and forces arbitrageurs to charge a higher
risk premium. This in turn means that larger exchange rate adjustments are required to com-
pensate arbitrageurs for taking the risk and therefore, 2 increases more than proportionately
with O'g. The multiplier is larger when the risk-bearing capacity of the financial sector is more
limited (high @). Figure 1 illustrates this result result showing that an exogenous shift in the
right-hand side of equation (15) translates into a much larger change in the equilibrium ex-
change rate volatility. This mechanism also implies that the effects of government policies d
and « go beyond the direct damping of fundamental and financial shocks: making carry trade
less risky, these policies encourage arbitrageurs to take larger positions and make them more
willing to absorb currency demand shocks.

This mechanism is specific to a model with segmented markets and risk-averse intermedi-

19 All numerical illustrations below are based on the following parameter values: 8 = 0.99, v = 0.3, @ = 3,

04 =0.03,0, =0.3and k = 0.01.
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Figure 1: Exchange rate volatility multiplier

Note: the figure illustrates the fixed-point determination in equation (16), with blue and red lines corresponding
to its right-hand side and the 45-degree line showing the left-hand side. A shift in macro volatility Acrq% translates

into more than proportional change in exchange rate volatility 2.

aries and is crucial to explain the Mussa puzzle — the observation of a sharp and simultaneous
increase in the volatility of both nominal and real exchange rates following the end of the
Bretton Woods System of pegged exchange rates in 1973 (Itskhoki and Mukhin 2025). At the
same time, there was no simultaneous change in the properties of the other macro variables,
nominal or real, which presents a puzzle from the point of view of standard New Keynesian
models: offsetting financial shocks n; with monetary policy under the peg translates into a
proportional increase in output volatility o2. The endogenous risk premium and the volatility
multiplier help to reconcile these observations: a credible peg 6 = 1 makes carry trade risk
free and encourages arbitrageurs to fully absorb currency demand shocks n; without any ac-
tion required by monetary authorities along the equilibrium path. Of course, the policy still
needs to respond to fundamental shocks ¢;, yet these shocks are likely to explain a small share

of total exchange rate volatility in developed countries in the first place.

Normative implications We next discuss the optimal policy starting with important lim-
iting cases when first best is implementable and then characterizing the second-best solution.
The key policy trade-off is illustrated in Figure 2 with three colored lines showing equilibrium
exchange rate volatility & and the associated welfare costs o,, 0, that can be achieved with
d € [0,1] under three alternative FXI policies & € {0, a*, 1}, where a* is the optimal value
under the baseline calibration.!’ The point “Float” with « = § = 0 corresponds to inward-
looking monetary policy and no FXI — a standard normative benchmark in the New Keynesian
literature (e.g. Gali and Monacelli 2005) — while “Peg” is the opposite extreme case with a pure
monetary peg 0 = 1, @ = 0. Both limits, however, fail to implement the first-best allocation

(“FB”) with 0, = 0, = 0. The dashed lines show the indifference curves for output gap and

No such figures apply to FXI as they only affect the quality of risk shairng, but not the output gap.
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Figure 2: Exchange rate policy trade-offs

Note: the colored solid lines in both plots show the trade-off facing monetary policy d under three given FX rules
summarized by a, where a* corresponds to the optimal value in the baseline calibration. Dashed lines show two
indifference curves with constant values of (1 —+)o2 +~02, while a solid black line shows the equilibrium values
under optimal (0%, @*) as we vary the costs of FXI between x = 0 and £ — oo. The point “FB” shows the values

in the first-best allocation, while “CP” corresponds to the second-best “crawling peg” with (§*, a*).

risk-sharing wedge, i.e. ignoring the costs of FXI, centered around the first-best point.'?

« First-best policy: consider the case with no costs or constraints on FXI, k = 0. The
minimum of the loss function (17) is then achieved by a = 1 and § = 0. Stated in terms
of optimal targets, this policy corresponds to using interest rates I?; to stabilize prices
and output, while closing the UIP wedge E;Az;; with FXI f;". Alternatively, the policy
can be formulated in terms of optimal responses to shocks: the planner offsets currency
demand shocks n; and accommodates fundamental macro shocks summarized by ¢; (cf.
Clarida, Gali, and Gertler 1999). This in particular implies that the nominal exchange

rate is not stabilized, but instead tracks the natural real exchange rate, e; = ¢;.

Interestingly, this interpretation is close to Friedman (1953), who famously advocated
floating exchange rates and criticized both pegs and capital controls as they distort rela-
tive prices. Less well known, he also viewed FXI as “feasible and not undesirable” when
private speculation is destabilizing, while judging it “largely unnecessary” when private
arbitrage is sufficiently elastic. The high post-Bretton Woods volatility in exchange rates
and UIP deviations suggests that the elasticity is limited in practice and that occasional

government interventions may be desirable.

+ Divine coincidence: while in general two instruments are necessary to implement the
first-best allocation, in the special case of a stable natural real exchange rate 02 =
0, monetary policy alone can close both the output gap and the risk-sharing wedge

o, = 0, = 0. Indeed, in this case, the volatility of the exchange rate and the first two

?Home assignment: replicate these figures focusing on constructing indifference curves in different spaces.

10
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Figure 3: Effects of monetary and FX policies on volatility and welfare

Note: red stars show the optimal values of policy parameters, a* and §*.

terms in the loss function (17) are zero for any value of d. This is because there is no
need for expenditure switching when 02 = 0, and targeting inflation or output gap be-
comes collinear with stabilizing the nominal exchange rate. Thus, no FXI are needed,
and one gets the open-economy analogue of the divine coincidence in closed-economy
New Keynesian models.”® This result also provides a simple benchmark for currency
unions (Mundell 1961). The costs of giving up nominal exchange rate adjustment are
small when member countries have highly correlated fundamental shocks resulting in
02 ~ 0, while countries gain from eliminating non-fundamental exchange rate volatility

and improving risk sharing.

« Crawling peg: away from the two special cases above when x > 0 and 02 > 0, neither
a free float nor a hard peg are optimal as the planner has to balance the costs of the
output gap o2 with distorted risk sharing o2 (see Figure 3). The second-best policy is
therefore a managed float, or crawling peg, with both monetary and FX instruments
d,a € (0,1) used to lower exchange rate volatility (16) and encourage arbitrageurs to
take larger positions. Figure 2 shows that as the costs of FXI « increase from 0 to infinity,
the optimal solution shifts from the first best with a zero output gap to greater reliance

on monetary stabilization, with higher output gap o, and impaired risk sharing o,."*

Interestingly, the FOCs for (17) imply that the two policy instruments are strategic sub-
stitutes, i.e. more aggressive FXI allow optimal monetary policy to focus on domestic

objectives, while a tighter monetary peg makes optimal FXI smaller.”® Figure 4 illus-

BHome assignment: under what assumptions about structural shocks A, Y7, Ry, is ¢, constant?

4While the first-best policy is similar to the one in Fanelli and Straub (2021), Basu, Boz, Gopinath, Roch, and
Unsal (2025) — with the difference that our model emphasizes the UIP rather than CIP as the relevant policy
target — the second-best policy is fundamentally different because of the endogenous elasticity of UIP deviations
in (12) that depends on both policy instruments.

>Home assignment: show that §(«) is negatively sloped and «(4) is negatively sloped under weak conditions.

11
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Figure 4: Monetary and FXI best responses

Note: the figure illustrates the first-order optimality conditions of problem (17) with respect to ¢ and « with the

intersection of the two lines corresponding to the constrained optimum.

trates this point showing that the best responses d(a)) and «(¢) are downward sloping.
Intuitively, this is because both higher ¢ and « improve international risk sharing, but
are associated with side effects — either higher output volatility or costs of holding FX
reserves. Therefore, when one policy instrument reduces o2, it also allows the planner

to use the other tool for targeting other objectives.
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